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Abstract

The use of multi-antenna arrays in both transmission and reception has been shown to dramatically
increase the throughput of wireless communication systems. As a result there has been considerable
interest in characterizing the ergodic average of the mutual information for realistic correlated channels.
Here, an approach is presented that provides analytic expressions not only for the average, but also the
higher cumulant moments of the distribution of the mutual information for zero-mean Gaussian MIMO
channels with the most general multipath covariance matrices when the channel is known at the receiver.
These channels include multi-tap delay paths, as well as general channels with covariance matrices that
cannot be written as a Kronecker product, such as dual-polarized antenna arrays with general correlations
at both transmitter and receiver ends. The mathematica methods are formally valid for large antenna
numbers, in which limit it is shown that all higher cumulant moments of the distribution, other than the
first two scale to zero. Thus, it is confirmed that the distribution of the mutual information tends to a
Gaussian, which enables one to calculate the outage capacity. These results are quite accurate even in

the case of a few antennas, which makes this approach applicable to realistic situations.

Index Terms

Wideband; Multipath; Beamforming; Capacity; Multiple Antennas; Random Matrix Theory; Replicas,

Side Information

. INTRODUCTION

Following pioneering work by [1], [2] it has become clear that the use of multi-antenna arrays in
transmission and reception can lead to significantly increased bit-rates. This has led to a flurry of work
calculating the narrowband ergodic mutual information of such systems, i.e. the mutual information
averaged over realizations of the channel, using a variety of channel models and analytic techniques. For
example, the ergodic capacity was calculated asymptotically for a large number of antennas, [3]-{12] or
for large and small [10], [13] signal-to-noise ratios, using a variety of assumptions for the statistics [10],
[14] of the fading channel.

To better understand the characteristics of realistic information transmission through fading channels,
it is important to analyze the full distribution of the mutual information over redlizations of fading. For
example, the outage capacity [15] is sometimes a more realistic measure of capacity for delay constrained
fading channels. In addition, the distribution of the mutual information provides information about the
available diversity in the system [16]: the smaler the variance, the lower the probability of outage

error when transmitting at a fixed rate. Finally, having an analytic expression for the distribution of the
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mutual information allows one to simulate a system of multiple users in a simple way. [17] Recently,
[8], [14] analytically calculated the first few moments of the distribution of the narrowband mutual
information, asymptotically for large antenna numbers with spatial correlations. This analysis showed
that the distribution is approximately Gaussian even for a few antennas, also seen in [17], [18]. More
recently, other methods were devised to calculate all moments of the mutual information distribution
exactly for some channel types. [19]-{24] Also, [10] calculated the ergodic mutual information in the
large antenna limit for independent non-identically distributed (IND) channels, and extended their results
to correlated channels with special restrictions on the correlations of different paths.

The above literature did not analyze the statistics of the mutual information for Gaussian channels with
general non-Kronecker-product correlations. [25]-{28] These types of channels are becoming increasingly
important to study, as it has recently been proposed that they appear in several situations, such as channels
for generally correlated antennas with multiple polarizations. [27], [28]

Furthermore, the above works have generally focused on the case of narrowband flat-fading channels.
However, the use of wide-band signals with non-trivial resolvable multipath necessitates the analysis of
the mutual information in the presence of multipath. [29], [30] showed that the capacity of the wideband
channel depends only on narrowband quantities, such as total average power etc. Subsequently, other
authors have analyzed the wideband ergodic capacity using asymptotic methods. [7], [31] In afirst attempt
to describe the wideband distribution of the mutual information, [32] suggested that the distribution is
Gaussian, if the number of independent paths is large. However, in many instances of interest the number
of paths seen is small. [27], [33] It would thus be useful to analyze the effects of multi-path on the
wideband mutual information of Gaussian MIMO fading channels of arbitrary multipath behavior in an
analytic fashion. Although the exact methods mentioned above [19]-{24] can calculate all moments of
the distribution for narrowband channels, they cannot be generalized to multi-path channels. Therefore,
to make progress, one needs to rely on asymptotic methods.

In this paper we extend work done in [14] to provide analytic expressions for the statistics of the mutual
information in the presence of multi-path with general spatially correlated channels. We assume that the
instantaneous fading channel is known to the receiver but not the transmitter. Our results generalize
the mutual information results of [10] for Gaussian channels to arbitrary zero-mean Gaussian correlated
channels. The paths may or may not have the same delay. The methods used here apply the concept of
replicas, which was initially introduced in statistical physics for understanding random systems [34], but
in recent years have seen several applications in information theory. [4], [7], [35]-{37].

In particular, we obtain the following results:
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« We use the replica method to calculate the moment generating function of the mutual information,
averaging over general multipath, non-Kronecker product channels. Using this approach we derive
expressions for its first three moments (mean, variance and skewness). As in [14] we find that for
large antenna numbers n, the average of the distribution is of order n, the second moment of the
distribution is of order unity, and the third moment is order 1/n respectively, while all other moments
scale with higher powers of 1/n. Thus, for large n the mutual information distribution approaches a
Gaussian. Therefore, the outage mutual information can be expressed ssimply in terms of the mean
and the variance of the distribution (section V).

« We optimize the mean mutual information with respect to the input signal distribution to obtain the
ergodic capacity (section IV-B).

» We demonstrate the dependence of the whole distribution of the mutual information on the specifics
of the channel by calculating the mean and variance of the mutual information for a number of
simple multipath channels.

« We also compare these Gaussian distributions with numerically generated ones and find very good
agreement, even for a few antennas. This validates the analytical approach presented here for use

in redistic situations with small antenna numbers.

A. Outline

In the remainder of this section we define relevant notation. In section Il we describe the MIMO
channels for which our method is applicable, in both the temporal and the frequency domain. In section
[l we define the wideband mutual information and in section Il1-A the statistics of its distribution.
Subsequently, in section IV the mathematical framework of the method to calcul ate the generating function
of the mutual information is presented. Also, the calculation of the ergodic capacity (section IV-B), its
variance (section 1V-C) and the higher order moments of the distribution (section IV-D) are discussed.
Section IV-E deals with a alternative derivation of the results for the case when the receive correlation
matrix is the same for al paths, while section 1V-F briefly discusses the case of narrowband multipath,
where all paths arrive at the same delay tap. In section V afew specific cases are analyzed analytically and
compared to numerical Monte-Carlo calculations. Appendix | summarizes a number of complex integral
identities employed in the main section, while Appendices Il and Ill contain some details for various
steps in section V. Appendix 1V includes some guiding details of the calculation of the higher order
terms in section 1V-D. Finally, Appendix V describes the procedure of evaluating the capacity-achieving

transmission covariance Q.
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B. Notation

1) Vectors/Matrices. Throughout this paper, we will use bold-faced upper-case letters to denote ma-
trices, e.g. X, with elements given by X, bold-faced lower-case letters for column vectors, eg. x
with elements z,, and non-bold letters for scalar quantities. Also the superscripts 7' and 1 will indicate
transpose and Hermitian conjugate operations and I,, will represent the n-dimensional identity matrix.

Finally, the superscripts/subscripts ¢t and » will be used for quantities referring to the transmitter and
receiver, respectively.

2) Gaussian Distributions. The real Gaussian distribution with zero-mean and unit-variance will be
denoted by A/(0,1), while the corresponding complex, circularly symmetric Gaussian distribution will
be CN(0,1).

3) Order of Number of Antennas O(n*): We will be examining quantities in the limit when the number
of transmitters n; and number of receivers n,., are both large but their ratios are fixed and finite. We will
denote collectively the order in an expansion over the antenna numbers as O(n), O(1), O(1/n) etc,,
irrespective of whether the particular term involves n; or n,.

4) Integral Measures. Two genera types of integrals over matrix elements will be dealt with and the
following notation for their corresponding integration measures will be adopted. In the first type we will
be integrating over the real and imaginary part of the elements of a complex moups X Meors Matrix X.

The integral measure will be denoted by

Mrows Meds R (X o) dIm (Xga)
DX = H H 2 X

a=1 a=1

The second type of integration is over pairs of complex square matrices 7 and R. Each element of 7 and
R will be integrated over a contour in the complex plane (to be specified). The corresponding measure

will be described as

Mrows Meols

a(T,R)= 1] 1] % (2

a=1 a=1
In addition, we will define a measure over a set of L pairs of matrices {7, R!} for i =0,...,L —1to

be given simply by
L-1

dp({T",R"Y) = [ dw(T", R") 3
=0

5) Expectations: We will use the notation (-) to indicate an expectation over instantiations of the

fading channel. We will reserve the notation E|-] for expectations over transmitted signals.
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Il. MULTIPATH MIMO CHANNEL MODEL

We consider the case of single-user transmission from n; transmit antennas at a base station to n,
receive antennas at a mobile terminal over afading channel with multiple paths with afinite bandwidth. We
assume that the channel coefficients are known to the receiver, but not to the transmitter. The transmitted
signal can be written in terms of discrete a time series representing the signals at discrete time steps mr
for meZ and 7 the inverse available bandwidth. Thus we can use the following simple tap-delay model

[29], [38] o

Ym = Z Gy Xm—m; T Zm (4)
=0

where x,,, is the n;-dimensional signal vector transmitted at time mr. Similarly, y,, and z,, are the
corresponding n,--dimensional received signal and noise vectors. z,, is assumed an i.i.d. vector with
each of its elements drawn from CN (0, 1), while G; is the n,. x n;-dimensional complex channel matrix
at delay times m;7, where m; is integer-valued. Of course, G; can be interpreted in a wider sense as
an appropriately filtered version of the channel over the delay interval (m;_17,m;7|. [38] Note that in
genera al paths need not arrive with different delays, i.e. we have m;; > m;, with equality when the
Ith and (I + 1)th paths arrive within the same delay interval. In fact, all paths may be assumed to arrive
over the same delay interval.

The analysis of multipath channels is simplified considerably by Fourier-transforming the transmitted
and received signal vectors. In this case the Fourier-transformed received signa is solely a function of

the corresponding Fourier component of the transmitted signal
¥(w) = G(w)k(w) + 2(w) ©)

where the Fourier transform of the transmitter signal vector x(w) is defined by

o0

fc(w): Z e—imeXm (6)

with similar definitions for the Fourier components y(w), z(w). G(w) is the Fourier transform of the

channel impulse response given by
L1

G(w) — Z 6—ime Gm (7)

m=0
Note that (6) implies that each symbol vector x(w) transmitted over a single frequency is spread over
infinite times. As a result, it sees no interference from other frequency components due to multi-path.

In practice, and in order to avoid mixing between close frequencies due to Doppler fading, one has to
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transmit each symbol over a finite time window, therefore essentially using a discrete set of frequency
components, e.9. wy, = 27k/(MT7), withk =0, ..., M —1. The number of discrete frequency components
M is usualy chosen so that the symbol duration is less than the coherence time of the channel ¢, i.e.
M < teon/T. One can then send different symbols one after the other. However, there is a residual 1S
interference due to multipath and the finite Fourier modes are no longer orthogonal. Various methods
have devised to restore orthogonality, such as the inclusion of a cyclic prefix. [39] These issues will be

ignored here and we will use the discrete Fourier mode version of (5) given by
Vi = GiXpr + Zpi 8

where the index p represents the symbol index, k is the Fourier mode index with k = 0,..., M — 1,
G, is the corresponding channel Fourier component for w;, = 21k /(MT). X, (and similarly y,,
;) have been normalized so that z,, the Fourier transform of the noise vector z,, isi.i.d. with elements
~ CN(0,1). Also, the input signal in each frequency component %, is assumed Gaussian with covariance
E [xka = Ok Qp, normalized so that Tr{Qr} = n;. For completeness, we rewrite the Fourier

transform of the channel in (7) as

L—1
Gr=) G 9)
=0

As mentioned earlier, the channel matrices G, are assumed to be known at the receiver but not the

transmitter.

A. Channel Satistics

Next, we would like to characterize the statistics of the channdl matrices G; in (4), which are random
due to fading. In particular, they are assumed to be zero-mean, independent Gaussian random matrices.

In addition, we assume the correlations between elements of G; to be as follows:
* Pl
<Gl,iaGl/,jﬁ> = oy e Ty Riap (10)

where the expectation (-) is over the fading matrices G;. p;, T; and R, are the signal to noise ratio,
and the n;- and n,.-dimensiona correlation matrices for the I-th path at the transmitter and receiver,
respectively. Underlying the structure of the above correlations is the assumption that different paths
have uncorrelated channels. [40] Each path is assumed to have correlations in the form of a Kronecker
product. This is certainly valid when each path corresponds to a single scattered wave, in which case
each of the corresponding correlation matrices have unit rank. The above channel modéd is in agreement

with adopted channel models in third generation standards [27].
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We comment that an interesting special case occurs when all the delays m; take the same value, i.e.
arrive within the same 7 interval (see section 1V-F). This represents a narrowband channel with non-
Kronecker product (or non-factorizable) correlations. In other words we could write the analogous simple
narrowband channel relation

yp = Gxp + 2p (1)

where

G = Z G, (12)
l

The matrices G; have correlations of the form (10) above. We note that such a form includes gen-
eral models of polarization mixing with general correlation matrices between the different polarization
components [27], [28]. For example, the correlations of a multipath channel with antennas of different

polarizations can be written compactly as

T
lv l,v
<GiaG’5> _ Zﬂ Taﬂ 1 =z Rij (13)
7 i z 1| | Ry

where the sum is over al paths, p; is the signal-to-noise ratio of each path I, T"¥, T"" are the correlation
matrices of the vertical and horizontal polarization components of transmitter antennas for the ith path
(and similarly for the receiver arrays) and z is the polarization mixing ratio.

Finally, it should be stressed that the most general narrowband zero-mean Gaussian model, including
the recently proposed independent non-identically distributed (IND) channel, can be expressed in the

form of (10), (12), since the correlations of any Gaussian zero-mean matrix can be written as
(GiaGig) =D Thiij Riap (14)
l

Toseethis, let! = 1,..., (n¢n,)? and then set the matrices T;, R; have zero entries except for the element
ij and a3, respectively, when theindex [ takesthe value (i, j, o, 3) = i+ny(j—1)+n?(a—1)+ni®n,.(8—
1). The non-zero values of these matrices can be chosen to be, for example, Tj; j . 3)i; = <GWG;B>

and Ry o3 = 1. Although this mapping is not unique, it demonstrates the generality of our method.

/L‘?j§a7/8)7

It should be noted that, since the receiver/mobile terminal is usually assumed to be located deep inside
the clutter, the received signa tends to have wide angle-spread, thereby making the differences in the
angles of arrival of different paths less distinguishable. Therefore, it is sometimes reasonable to assume

that the receiver correlations R; are path-independent, i.e.

* Pl
<Gl,mGl',jﬂ> = O n—t Ty Rag (a5)
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This assumption is not as easily met at the transmitter/base station, where the nearest scatterers are
typically further separated, thereby making the T, typicaly different. A further simplification of the
above is the case when the receive antennas are uncorrelated, which is discussed in [29].

As aresult of the above, Gk, the Fourier transform of G; (9) is aso Gaussian with correlations

L—-1
<C§'k,méz’,j3> - nltlzpl o TijRi0p (16)
=0
For the case of narrowband channels mentioned above in (11), (12), G, is nonzero only for k = 0,
therefore Gy = G with G given in (12).
[11. WIDEBAND MUTUAL INFORMATION
The mutual information of each of the frequency components k is given by [1], [2]
I, = log det (In,,, + GkaGkT) 17)

The log above (and throughout the whole paper) represents the natural logarithm and thus I is expressed

in nats. The total mutual information over al frequency components is then
M—1
I = > I (18)
k=0

A. Satistics of Mutual Information

The distribution of the mutual information can be characterized through its moments. These moments

can be evaluated by first calculating the moment generating function g(v) of I
M—1 A A -V
g(v) = < [H det (Im, n GkaGkT)] > (19)
k=0
= ()

2
= 1-v{l)+ 5 (1) +... (20)
Assuming that g(v) is analytic at least in the vicinity of v = 0, we can express log g(v) as follows
o~ ()P
logg(v) = P (21)
p=1

where C, is the p-th cumulant moment of /. For example, the ergodic mutual information, i.e. the average

of the distribution is given by

M-1
G o= ()= (I (22)
k=0
M-1
= Z <10g det (In + GkaGkT>> (23)
k=0
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Similarly, the variance of the distribution is

Co = Var(I)= (I —(I))* (24)
M—1

= ( > <Ik1k/>) —(1)? (25)
k,k’=0

its the skewness of the distribution is
C3 = Sk(I) = (I - (I))*) (26)

and so forth. Note that since I, depends only on G, and Qy, to evaluate the ergodic average (23) we
can perform the average for each term in the sum in (23) separately, neglecting any correlations between
G,.’s with different & indices. Thus for evaluating the ergodic average, the only correlation of relevance
is (Gk,méw 3) Which turns out to be k-independent, as seen in (16). Therefore the only k-dependence of
each term in the sum in (23) is through Q. As a result the optimal Q; will be k-independent. We will
thus henceforth assume that Q. is chosen to be a k-independent quantity Q. As a result, the wideband
ergodic capacity becomes just M times its narrowband counterpart [29]. This k-independence of the mean
mutual information will be of use in the next section. In contrast, in evaluating higher moments of the
distribution such as the variance, as is easily seen from (25), we will have to consider cross correlations
between G and G
Finally,it should be emphasized that the distribution of the mutual information can also be completely
characterized by the outage mutual information [15], obtained by inverting the expression below with
respect to I,y¢
Py = Prob (I < L) (27)

where Prob(I < I,,) is the probability that the mutual information is less than a given value I,,;.

IV. MATHEMATICAL FRAMEWORK

The purpose of this paper is to analyze the statistics of the wideband mutual information I in (18)
for general zero-mean Gaussian channels. In this section we describe the basic steps to derive analytic
expressions for the first few cumulant moments of I, valid formally for large antenna numbers. In this limit
it has been shown elsewhere [14], [17], [18], [41] that the narrowband mutual information distribution
becomes asymptotically Gaussian. Thus the first two moments can describe the outage mutual information
(27). Using the mathematical framework of [8], [14] we will show that this Gaussian character holds

also for wideband channels.
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To obtain the moments of the mutual information distribution we need to calculate g(v) in (19) for
v in the vicinity of v = 0. To achieve this we will employ the replica assumption discussed in [4], [9],
[14], [42].

Assumption 1 (Replica Method): ¢(v) evaluated for positive integer values of v can be analytically
continued for rea v, specifically in the vicinity of v = 0.

This assumption, used also in [7], [36], [37], [43], [44], aleviates the problem of dealing with averages
of logarithms of random quantities, since the logarithm is obtained after calculating g(v).

In Appendix Il we show that g(»~) can be expressed as an integral over Mv x My complex matrices
R TH with1=0,...,L —1

o) = [ du ({7 R}) e (28)

where the integration metric was defined in (2) and

1
S = log det (Inr ® IVJW + E —an ® Rl>
t
l

\/—
- 3T {Tl Rl} (29)
l

where 7! is an Mv x My matrix related to 7' via

+ logdet (In ®Lu+y L=QTie fl>
t
l

27r'i(k—k,)7nl

,j;la;k’ﬁ - Yga;k’ﬁeT (30)

where we have explicitly written out the components of the matrices here with &, &’ ranging from 0 to
M —1 and « and 3 ranging from 1 to v. (See the notation in Appendix II).

At this point v is still a positive integer, which has to be taken to zero following Assumption 1, in
order to be able to expand ¢g(v) for small v, as in (20). However, since the integral in (28) cannot be
performed exactly, we need to calculate it asymptotically in the limit of large antenna numbers n;,n,. > 1.
Therefore we need to interchange the limits n > 1 and v — 0.

Assumption 2 (Interchanging Limits): [14] The limitsn — oo and v — 0T in evaluating g(v) in (28)
can be interchanged by first taking the former and then the latter without affecting the final answer.

A. Saddle-Point Analysis

We now use Assumption 2 to calculate (28) asymptotically for large n, n,, by deforming the integrals
in (28) to pass through a saddle point. More details are given in [14]. To specify the structure of the
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saddle-point solution, i.e. the form of 77, R! at the saddle-point, we assume as in [14] that the relevant
saddle-point solution is invariant in v-dimensional replica space. However, in our case since 7!, R! are
vM-dimensional matrices, this is not enough to fully characterize the saddle-point. Therefore, we will
also assume that the saddle-point values of 7, R! are invariant in M-dimensional frequency g-space.
This assumption, as we shall see, leads to a saddle-point value of S, and to an ergodic average of the
mutual information, that is independent of inter-frequency correlations, in agreement with the correct
answer, as discussed in Section 111-A and [29].

Thus, at the saddle-point 7%, R' take the form 7! = ¢,\/n; Ly, R! = r1/ng Ly, where ¢, and 7,
are positive, still undetermined numbers of order unity in the number of antennas. A scaling factor of
\/n: has been included for convenience, as will become evident below. Following [14] we analyze the

integral in (28) by shifting the origin of integration to the saddle point, i.e. by rewriting 7, R as

T' = tpy/niL + 6T (31)
RY = ryni L+ OR!

where 67, §R! are vM-dimensional matrices representing deviations around the saddle point. One can

then expand S in (29) in a Taylor series of increasing powers of §7°, 8R! as follows
S=85+8+8+83... (32

with S, containing p-th order terms in 67, §R'. These terms are shown explicitly in Appendix 11 in
(90), (91), (92), (95), where it can be seen that S, is O(n'~P/2), making (32) indeed an asymptotic
expansion in inverse powers of n.

The saddle point solution of (28) and hence the corresponding values of ¢;, r; is found by demanding
that S is stationary with respect to variations in 7, R'. [45] This means that S; = 0 (see (91)), which is
analogous to setting the first derivative of a function to zero, in order to find its maximum or minimum.

This produces the following saddle-point equations:
~71—1
no= P {QTZ 1, + Q1] } (33)
U2
~1—1
b= T {Rl [Im + R] } (34)
ny
where T, R have been defined as

T = sztsz (35)
]

=]l
Il

> Ry (36)
I
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The next term in the expansion of S is S; and needs to be taken into account non-perturbatively,
because it is O(1) in the number of antennas n» and thus will provide a finite correction. Fortunately,
S, is quadratic in the variables 7" and 6R' so that the integral (28) is just a Gaussian integral at this
order.

In contrast, S, terms with p > 2 become vanishingly smal a large n, since they are O(n!~7/?).

Therefore, they can be expanded from the exponent in (28) and treated perturbatively as follows:
glv) = e /d,u ({67'[}, {de}) e (37
-<1—83—84+%S§+...)

Each term in this expansion can be evaluated explicitly, with higher order terms producing corrections
of increasingly higher orders in 1/n. Subsequently, taking the logarithm of the result as prescribed in
(21) will produce an 1/n-expansion for the cumulant moments of 7, with only integer powers of 1/n

surviving [14]).

B. Ergodic Capacity
From (90) in Appendix Il we see that Sy = vI" with proportionality factor I' being the leading term
to the mutual information, which is given by
I = Mlogdet (In,, + QT) (39)

+ M logdet (Im + R) — ntMZrltl
!

where t;, 7, T, R are given by (34), (33), (35), (36).

Note that the above egquations are independent of the relative delays between paths, thereby applying
to narrowband channels, as well as wideband channels with non-trivial delays between paths. This is to
be expected since the ergodic wideband capacity is independent of delay. [29]

To obtain the capacity-achieving input distribution Q, (I) has to be optimized subject to the power
constraint Tr{Q} = n;. This constraint is enforced by adding a Lagrange multiplier to (I), i.e.

(I) — ()= AT {Q} —ny) (39)
= <I>A<Z%nt>

where ¢; are the n; eigenvalues of Q. As in [14], the eigenvectors of the optimal Q are the same as T

(at least to O(1/n)). This statement is proven in Appendix V.

DRAFT



14

With the constraint that Q and T should be diagonal in the same basis, we can find the optimal Q by
differentiating with respect to the eigenvalues ¢;. It is then easy to see [14] that the optimal eigenvalues
of Q are given by

o= |37, 0

where T; are the n, eigenvalues of T and [z], = {z + sgn(z)}/2. Here, the Lagrange multiplier A > 0

is determined by imposing the power constraint
T{Q}=> a=mn (41)
=1

with ¢; given by (40).

C. Variance of the Mutual Information

To obtain the O(v?) term in the expansion of log g(v) in (21) we need to only include the next
non-vanishing term, S,. The second line in (37) can be temporarily neglected.
Using the saddle point value for Sy = vT" in Eq.(37), the integration over 6R!, 7" can be performed

straightforwardly (see [14] for more details), resulting in

2

gv) = qtfl’rl_l‘dethk/‘_7 (42)
kK

where the 2L-dimensional matrix V*¥' is given in Appendix Il by (94). Thus, by comparing (21) to
(42) and by matching order by order the terms of the v-Taylor expansion of log g(v), the leading term
in the variance of the mutual information is

C; = Var(I)=->) log|det VF¥| + O(1/n?) (43)

kk’

=~ logdet (IL _ MT{QMt,QMig) +O(1/n?)

Kk
where the L-dimensional matrices M, 2, M, are given in Appendix I11 by (96) and (97). We note that

since M,.» and M, » are both O(1), the variance is also formally O(1) in the 1 /n expansion when both

n; and n, are of the same order.

D. Higher Order Terms

To obtain higher-order correctionsin n~!, beyond the O(n) and O(1) terms that appear in the average
and the variance, respectively, one needs to take into account the terms S, with p > 2 in (37). These

terms will give rise to higher-order cumulant moments of the distribution of the mutual information,
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as well as higher-order corrections to the first two cumulant moments. In Appendix 1V we sketch the
calculation of the next leading correction terms of order O(n~!). Including this additional term g(v) can
be written as

o) = e ] |aet Vi (14 Dy + 00 2)] (44)
kK

where Dy is given by
Dy =aiv+ CL3V3 (45)

and a; and a3 are defined in (106), (107), which are indeed O(1/n).
Using the cumulant expansion notation of (21) and matching the generated terms above to the appro-
priate powers of v, we see that D; produces order O(1/n) terms to the first cumulant (mean) C; and

third cumulant (skewness) Cs:
Ci = I'—a;+0(1/n%) (46)

C3 = —6az+ O(1/n%) (47)

E. Secial Case 1: R; independent of |

In this section, we will show how the above results simplify when the correlation matrix of the receiver
or transmitter is independent of the path index . For concreteness we will only analyze the case where
R; is independent of [, i.e. when the channel correlations take the form (15).

In this case we see that in (34) t; is independent of the path index [ and thus we may set ¢t = ;.

Furthermore, by summing (33) over [ we get

1 QT
= = —Trq ——— 43
r Zl:” e r{IertQT} (48)
1 R
t = —Tr{—— 49
Nt r{InT,‘i‘T’R} ( )

where T =), p;T; and R = R;. Thus the mutual information in (38) may be written as
(I) = Mlogdet(I,, + tQT) (50)
+ Mlogdet (I, + rR) — Mnyrt

Note that, apart from a redefinition of T to take into account multiple paths, these results are identical

to those derived previously for narrowband channels [14].
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To derive asimplified expression for the variance from (43), we note that ;. » now becomes a constant

matrix, which can be written as a vector outer product

MT,Q = n—tTr (m) VV' =My 2VV (51)

where the vector v has elements v; = 1 for al [ = 1,..., L. The second equality in the above equation

defines m,. ». Similarly, M; » can be written as:

’ PLPI 27Ti(]€1 — kz)(ml - ml/)
Miy = = Cexp [ T (52)
Tr ! QT 1 QT
I, +tQT ~ 'I,, +tQT ~ "
After some algebra we see that (43) simplifies to
Var(l) = - Zlog ’1 — My mﬁgk/ (53)
Kk’
where
1 1 1
1, ==T S S_ 54
mt,2 ne r{Int + tQTQ qInt + tQTQ q} ( )
with the matrix S, defined as
2migmy
S, = T 55
q Zl:/?l zeXP( % > (55)

which is the temporal Fourier transform of the correlation matrices T;.

F. Special Case 2: Narrowband Multipath

As mentioned in the introduction, this approach is applicable in calculating the ergodic average and
variance of an arbitrary Gaussian zero-mean channel. This obviously includes a narrowband channel with
arbitrary correlations. The only difference in the analysis of this channel is that all delay indices m; are

equal and can thus be set to zero.

V. ANALYSIS OF RESULTS

In the previous section we have seen that in the limit of large antenna numbers n, the mean mutual
information is of order n, while the variance of the distribution is of order unity. In addition, in Appendix
IV we find that the skewness (the third cumulant moment) is O(1/n) and higher cumulant moments
are even smaler (O(1/n?)). In agreement with the narrowband case [14], [17], this suggests that the

distribution of the wideband multipath mutual information is also Gaussian for large n. This Gaussian
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behavior was seen to be very accurate even for small antenna arrays for narrowband channels [14],
[18]. Below, we will see this to hold also in wideband multipath channels by numerically comparing
the Gaussian distribution A [(I), Var(I)] caculated using (90) and (43) with the simulated distribution
resulting from the generation of a large number of random matrix realizations. We will specifically
analyze four representative situations to show the effects of multipath on the distribution of the mutual
information of wideband channels.

If the distribution of the mutual information is Gaussian, we can express I,,; from (27) as

Towt = (I) — \/2Var(1)® 1 (2P, — 1) (56)

where ®~1(z) is the inverse error function. [46] Clearly, this can only be an approximation, since the

mutual information cannot take negative values.

A. Distribution of Wideband Mutual Information for L equal-power equally-spaced i.i.d. paths

It is instructive to apply the above results to the case of L equal power paths, with p; = p/L in (16),
with n; = n,, = n and with correlation matrices being unity, i.e. R; = T; = I,,. Also, for simplicity we
assume the delays of the paths are all equally spaced from each other by 7, i.e. m; = [. Thisis a special
case of the one discussed in Section IV-E. In this case the optimal input distribution is Q = I,, [14], and
(50) becomes

(I) = nM [log (1 + pt) +log (1 + 1) — tr] (57)

with the extremizing values of r and ¢ from (48), (49) given by

r=pr= Y221 (59
which gives )
(1) = nM [21og<vl+;p“)—(”+fs_l) ] (59)

This result is identical to the one derived elsewhere [14], [47]. The variance can be calculated using (53),
(54) with the S, in (55) taking the form S, = pIL,,/L and takes the form

M—1 tp sin rL(k—k')q \ 2
Var(I) = — Z log |1 — < — fy_k, ) (60)
k,k'=0 tp+1 Lsin (T[)q

with ¢ given by (58). We see that the larger L is, the more peaked the ratio inside the logarithm is,

and therefore the smaller the variance. If L. = M, the ratio of sines in (43) becomes proportiona to a
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Kronecker delta function ., so that the variance becomes equal to
VIFidp—1 ) 2

Vv1i+4p+1

In general we can say that the variance of the normalized mutual information per channel (i.e. /M)

scalesas Var(I/M) ~ 1/L.

Var(l) = —M log [1 — < (61)

B. Distribution of Wideband Mutual Information for an exponentially distributed power delay profile

We can also apply this approach to a more realistic version of a multipath channel, namely one with

an exponential power delay profile, which can be expressed as
p=p(1-e?) e (62)

where 6—! = d/7 is the product of the delay constant d with the bandwidth 7—!, and p is the signal-to-
noise ratio for the total power-delay profile. We have implicitly assumed here that the number of pathsis
infinite, L = oo. For the simple case of uncorrelated channels, where both T and R! are unit matrices,
the average mutua information is identical to (57), by replacing p with p. This can easily be seen by
observing that the average mutua information in (50) is a function of p; only through T, which here is
equal to

T = ZPITI =1Inp (63)

!

To calculate the variance of I, we first need to calculate mﬁgk/ and m, in (53). The former can be

evaluated from (54) by performing the sum (55)

o (e
2migm 2miqm
Sq = ZPlTle o =1, Zple M (64)
1=0 1=0
o 1- ed
= P Tz
1— e_6+2zv?

As aresult m{, (and similarly m,.») can be expressed as

) _5 2
a p 1—e
M2 = (1+ tﬁ)2 1 — e—0+2mig/M (65)
1 2
mr2 = m =t (66)
so that the normalized variance per channel can be expressed as
I 1 k*k/
Var ) S e Z log ‘1 — My 2My 5 (67)
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When the number of frequency channels M is large, we can approximate the above sums with integrals

over frequency, which can be performed analytically to give

var (L) = —m{l l+e 2 _pg(1—¢? ’ (68)
<M> {2[ ( )

+ \/(1 +e 20 —[3(1— 6_5)2) — 46‘25] }

where
5 = <t_p> _ 1677
L+tp)  (1+yT+4p)"
(68) is plotted in Fig. 1 as a function of the delay.

(69)

C. Interdependence of spatial and temporal correlations

In the previous section, we analyzed the situation where all paths had the same transmission correlation
matrices T; = I,,, resulting to significant simplifications. This situation is not necessarily realistic.
Typically, each path has an angle spread smaller than the composite angle-spread and with a different
mean angle of departure from the transmitter for each path. [27] Thus, even if the composite narrowband
correlations at the transmitter are assumed to be low, the associated correlations per path may be
substantial. It is therefore interesting to compare the mutual information distribution of the following
two situations: In the first, al paths have a correlation matrix identical to the narrowband composite
correlation matrix. In the second, each path has different correlation matrices, subject to giving the same
narrowband correlation matrix as in the first case. For simplicity we will take the narrowband composite

correlation matrix to be unity, with the following correlations between transmitting antennas:

180
T, = / do o2mi(a—b)dx sin((¢+do)/180)—* /(262) (70)
~180 V2md2

with a,b = 1...n; being the index of transmitting antennas. This is a simple model for the antenna
correlations of a uniform linear ideal antenna array with dy = d.n/A the nearest neighbor antenna
spacing in wavelengths, a Gaussian power azimuth spectrum with angle-spread ¢ degrees and ¢ degrees
mean angle of departure. [48], [49]

In Fig. 2 we see that, although the mean mutual information is identical in the cases, the variance
of the mutua information of the second case is roughly double to that of the first case. We thus see
that the correlation structure of the underlying paths have a significant effect on the mutual information

distribution.
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Standard Deviation of the Distribution of the Mutual Information/Hz for iid channels
and exponentially distributed power delay profile
1.4 T T .

SNR =100

= = =SNR =10

Standard Deviation of Mutual Information (nats)

O 1 1 1
0 0.5 1 15 2

Normalized Delay (6_1=d/r)

Fig. 1. Standard deviation of the mutual information as a function of the normalized delay spread (d/7) for the case of
an exponential power delay profile for three different signal-to-noise ratios. For zero delay (d = 0), the narrowband result
is recovered (y-axis). For increasing delays compared to bandwidth d > 7, the standard deviation of the mutual information
decreases. Eq. (68) has been used.

D. Example: L distinct fully correlated paths

As afinal example, we describe a simple version of the general non-Kronecker channel case given by
(20). In particular, we assume that n; = n, = n and that the correlation matrices T;, R; are mutualy
orthogonal, rank-one matrices, e.g., for the transmitter we have T, = nalalT, with alTal/ = &y This
corresponds to a set of L < n orthogona plane-waves at the transmitter, each of which are connected

with a plane-wave arriving at the receiver in orthogonal directions. In this case, (33) and (34) simplify
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Distribution of Mutual Information for nt=nr=2 and nt=nr=3; SNR=1

0
10 ; =
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- = = Anal: corr
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0.8 1 1.2 1.4 1.6 1.8 2 2.2 2.4 2.6
Capacity (nats)

Fig. 2. Cumulative distributions (CDF) of the mutual information with two and three antenna arrays for signal-to-noise ratio
(SNR) p = 1. 10 paths were used, each with an angle-spread of 18 degrees, with the mean angle of arrival of the I-th path
pointing at 18(1+1,/2) degrees. While the mean mutual information is nearly the same for both correlated and iid cases (1.74 nats
for n; = 3 and 1.16 nats for n: = 2), the variance of the correlated systems is nearly double the variance of the corresponding
iid case (0.357 vs. 0.0171 for ny = 3 and 0.0274 vs. 0.0171 for the n, = 2 case). The agreement between the analytic large
N expression and the simulation is very good down to 1% outage.

to
Piq1
I 71
: L+ nqpit; (71)
1
t; = 72
! 1 + nry ( )
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where ¢; are the L eigenvalues of Q, given by (40). Assuming for ssmplicity that the p; are ordered, i.e.

p1 > p2 > ...prL, the fina solution for the capacity-achieving input distribution covariance matrix is

1 Leyy
Q = EZQlTl (73)
=1
1 1
q = - (74)

where

2
- (x/o@n +;l;n—am) 75

lew 1
« = — —
" n; Pl

Here, L. is the number of non-zero Q eigenvalues, chosen with the condition

Ar.,, <np (76)

eff

for al I < L.y, which comes from the requirement 7; > 0. The resulting ergodic capacity is

I:Lze:ff log L ALy
I=1 Aress o

From (35) and (73), we see that the capacity-achieving covariance matrix is a non-trivial linear combi-

(77)

nation of T, each with coefficient ¢;p;, which is obtained by solving (71), (72) and (74), which depends
on the properties of all paths.

V1. CONCLUSION

In conclusion, we have presented an analytic approach to calculate the statistics of the mutual informa-
tion of MIMO systems for the most general zero-mean Gaussian wideband channels. We have also shown
how the ergodic capacity can be calculated by optimizing over the Gaussian input signal distribution. The
analytic approach is in principle valid for large antenna humbers, in which limit the mutual information
distribution approaches a Gaussian, irrespective of the wideband richness of the channel. Thus the outage
capacity can be explicitly calculated. Nevertheless all results have been found numerically to be valid with
high accuracy to arrays with few antennas. Thus our results are applicable to a wide range of multipath
problems, including, but not limited to, multipath channels with a few delay taps or to an arbitrary
continuous power-delay profile and dual-polarized antennas with arbitrary correlations. It should also
be noted that this method generalizes the so-called IND separable channels analyzed in [10] to general

non-separable IND channels with arbitrary non-Kronecker product correlations.
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This analytic approach provides the framework and a simple tool to accurately analyze the statistics

of throughput of even small arrays in the presence of arbitrary channel correlations.

APPENDIX |

COMPLEX INTEGRALS
Identity 1: Let X, A, B be respectively m xn complex matrices and N, M positive-definite hermitian
n x n and m x m. Then, the following equality holds
(det [N @ M]) " e~3 T1{N'ATM™'B} (78)
/DX o ITr{NXIMX+ATX-XB}
where the integration measure DX is given by (1).

Proof: See Appendix | in [14]. Note that this formula was printed incorrectly in that reference.

Here we state the relevant identity.

[
There are severa useful special cases of this identity. Setting, A = 0 and B = 0, we abtain
(det[N@M]) ™ = (det N)™™(det M)™" (79)
_ /DX o ITH{NXIMX}
Further setting N = I, yields
(det M) ™ / DX =3 THXTMX} (80)

Identity 2 (Hubbard-Stratonovich Transformation): Let U, V be arbitrary complex Mv x Mv matri-

ces, where v is assumed to be an arbitrary positive integer. Then the following identity holds
e—TI’[UV] _ / du(T,R) 6Tr[RT—UT—RV] (81)

In the above equation, the auxiliary matrices 7 and R are general complex matrices Mv x Mv and their
integration measure is given by (2). The integration of the elements of R and 7 is aong contours in
complex space parallel to the real and imaginary axis respectively as discussed in [14].

Proof: See Appendix | in [14]. [ |
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APPENDIX Il
DERIVATION OF (28), (29)

In this Appendix we will express g(v) as in (28), (29). We start with (19) assuming that v is an
arbitrary positive integer. Using (80) we can write
det (I, +GrQG,") ™" (82)
_ / DX THXIX,+X[6,Q6. X, }
where X, is an n; x v-dimensional complex matrix. We then further use (78) to write
o3 1T{X1G,QG.1X, } (83)
_ /DYke—;Tr{Y;Yk+X{,Gle/‘ZYk—Y;Ql/ZGk,Txk}

where Y, is adso an n; x v-dimensional complex matrix. Thus, using (82) and (83) and the definition

(19) of g(r) we can write

g(v) = <H/DXkDYke_%ZkTr{XZXk‘FYZYk}
k

e_%ZkTr{xléle/QYk_Y’:Q]/Qékixk}> (84)

where k ranges from 0 to M — 1. Note that, as discussed above, we have been able to set al Q; equa
to asingle Q.

To average the bracketed term over channel realizations we use (9) to express G in terms of G;. The
probability density of G; is defined by (10) and can be rewritten explicitly

2 TrH{T,'G/R;'G, }

—1
p(Gy) = det [%TZ ® Rl] e 2e (85)
t

The expectation bracket of any operator F'({G;}) which is a function of the G;’s can then be written as

L-1
(Paen) =1 [ pewe FuGH (86)
=0

Note that using (79) it is easy to see that this probability distribution is properly normalized (i.e., (1) = 1).
We now evaluate the expectation bracket in (84) by rewriting G in terms of G; and integrating over
the channel realizations (using (85) and (86 and applying (78) to perform the integral). As a result we

obtain

gw) =11 / DX, DY e~ 3 Zn TH{XIX XY, } ()
k

2mi(k—k')m
LT T e e, )

l
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Following [14] we use Identity 2 in Appendix | to express the above in a quadratic form in terms of
Xy, Y by introducing 2L My x My matrices R!, T'. These matrices, whenever convenient, will be
represented R, 7,,,, as a set of LM? matrices of dimension v x v each. Thus the second line of (87)
becomes

[ antr RYTTTT (exo [0 {7 Rhe } (89)

kK
Pl 2mi(k—k’')m;

—kDmy 1 ~ty1/2 1/2v/
N Tr{Tk,kYkQ T,Q Yk}]

1
) - t l
exp[ 5 ntTr{Xk,RleRkk,}D

Combining (87) and (88) and using (79), we can now integrate over X, Yy, resulting in

o) = [ du((T" R (89)

. exp |:_

with S given in (29).

APPENDIX I11

DETAILS FOR SADDLE POINT ANALYSIS OF (28), (29)
Using the change of variables 7% — 67!, R! — dR! defined in (31) we expand S in (29) in powers
of 67, 6R!, resulting in

Sy = V[Mlogdet (Im—i—ZtlplQTl> (90)

l

+ Mlogdet (Inr + ZT1R1> - ntMZT‘ltl]

l l

S = Z [(Mrl‘l - tl\/n_t) r {5725%} (91)
Fol

+ (Mt{1 - m/nj) Tr {af,jk}]

]. ! ’
SQ — —5 ZZTI‘{M%Q 67254]@/67?’%:%
kk' 1
My ST ST + 20T SRy |

_ %%;Tr [ VI, | (92)

where the 2L-dimensional vector x; of v x v matrices is defined as

Xy = [ORYy - ORE 6T ... 0Tk (93)
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and the corresponding 2L-dimensional Hessian V**' is expressed in block-diagonal form as

ik = | M2 Tl (94)
I —Myo

where the matrices M.,.o, My, in the diagonals have elements M, and M}, respectively, with [ =
0,...,L —1. For p > 2 the expanded terms take the form

S, = (_T1)p > (Mo {oRy, - oRy b (95)
kp71]-7

0y, Tr{OT, 0T ]

where the p-dimensional integer valued vectors 1 = [I;...[,], k, = [k1 ...k, are being summed over.

The coefficients in this Taylor expansion have the form

» -1
My, = Tr {H |:<Im + QZtZPlTZ) (96)
z

i=1
} (97)

D —1
R,
1, = _l‘
My, = Tr {H {(I + an> =
Note that while in (88) Q appears in the form Q/2T;Q/2, in (90), (96) it is possible to combine the

2mi(ky—kiy1)my,

p1, QT e M
VAL

=1 l

two Q'/2 into a single Q.

APPENDIX |V

HIGHER ORDER TERMS

In this section we will follow the formulation of [14] to calculate the leading 1/n correction to g(v)
which will contribute as a leading term to the skewness C3 and as a correction to the average mutual
information C;.

We define an expectation bracket of F'(67,0R), an arbitrary function of 67, 0R, as

() =11 (det V’fk’)yz/ ’ / A (6T, 6R) e~ F(6T, 6R) (98)
kk’

To calculate such expectations, we will expand the function F' in its arguments and will then integrate

over the Gaussian integral. Thus only integrals over even powers of 7, R will survive. To evaluate
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the expanded terms we need the following second order moments (see below)

<<6RZ1kz7ab5stk4,cd>> = 75]61 k4 5l€2k‘3 6ad5bCW1ky;];2

<<5Tlflkz,ab5Tlggk4,cd>> = _5k1k45kzks5ad5bcw2li}];2
<<6T/flk2,ab5RZ3k4,Cd>> = _5k1k46k2k35ad5bcwﬁ;§2
(99)
where for each ki, ko = 1,...,v, the L x L matrices W™*2 for j = 1,...,3 are given in terms of the
L x L matrices M, 2, M, > (see (96), (97)) by the following expressions
kiks ~1
Wi = —M;2[M,2M;2 — 1] (100)
WhHH = M, M oM,y — Iz
Whik2 = M, oMo — )"
independent of k1, k2. In our particular case, the function F(67,0R) is exp[— ), ., Sy, with S,
expressed in terms of 7, R, as in (95). We now expand the exponential by combining terms with

equal powers of n. To do this, we note in (95) that ((S,)) is of order n=?/2+1 for p even, while it is
zero for p odd. Keeping only the O(n~!) terms, g(v) takes the form
g(v) = e M ldet VP9 ™72 [1 + Dy + O(n72)] (101)

prq
where

Dy = (8i+ 353) (102)

which is of order 1/n.

To evauate D; we need to calculate ((S,)) and ((S3)), which, as seen in (95), include fourth order
and sixth order products in §7, R, respectively. These can be calculated by applying Wick’s theorem
(see [14] or [50]), i.e. by “pairing” al 67’s and dR’s with each other and using (99) to calculate the

corresponding quadratic moments. As an example, we evaluate below the term in S, which is proportional
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to MPP*PP* in (95).

M v
Z Z ((ORY o ap - OB 4a) (103)

kl,...,k4:1 a,b,c,d:l
M v
k1,....,ka=1a,b,c,d=1
(O} 1, abO Rk ) (OB b, caO B 4a))
<<5Rk k‘z ab(Snglm Cd>><<5Rk2k37b()5Rk4kJ1 da>>
OB ., wOR e aa W ORE OB )]
_ k1ko kiks k1ko kaks
- (W1 ,D1D3 W1 P3P Wl ,P1P4 W1 7[)2])3)

VMW Wi, (109

We can similarly evaluate the second term in S; as well as S§ to get

Dy = av + az?® (105)

where
_ M Mp1pzp3p4 W Wkk 106
ar = Z Z 1,p1ps "" 1,paps ( )
P1...Pa
+ Mﬁmmm W2 P1P3 W27pzp4
+ Z M Mp1p2p3 Mp4p5p6 W W W
6 1,p1p2 1,p3pa "V 1,p5ps

P1-.-Pe

P1P2P3 3 rPaPsP6 kk
+ Mt,3 Mt,3 W2 ,P1P2 WQ,;DSZM W27P5P6

P1P2P3 \ rP4P5P6
2MT,3 Mt,3 W3 \P1P4 W37p2p5 W3,P%P6} }
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and

az = iz > A (107)

P1..-Pa k1kaks

P1P2P3P4 k’l kz k?l k’g kl k‘g kzkg
MTA {Wl P1P2 Wy paps T Wi P1P4 Wy ,paps}

_’_Mtlféllp2p3p4 |:Wk1/€2 Wk’1k3 + Wklkz Wk‘2k3 :|}

2,p1p2 " 2,p3pa 2,p1pa’ " 2,p2p3
1
P1P2ps3 PaPsPe
5 2 {Mr,:s M3
pl---p6k1k2k3

[orr/kike Tr7kiks 1r7k1ks kiks yrrkaks vrrksk: ]

_3W1 »P1D2 W1 ,P3P4 WLPSZJG + Wl sP1P4 Wl »P2De W1 »P3Ps |
P1P2p3 P4aPsPs

+ Mt,3 Mt,3

3 Wk ks ks yykaks pylah |

2,p1p2 " 2,p3Pa sP5P6 2,p1pa " 2,p2pe 27103105_

P1P2ps3 PaPsPs
+ 2MPPP MYy

[otirkiks tirkiks Trrkik kiks yrrkoks yrrksk: |
_3W1 ,P1P2 WQ,PsPs W3,P3P4 + W3,P1P4 W3,P2P6 W37P3P2 | }

APPENDIX V

CAPACITY-ACHIEVING INPUT SIGNAL COVARIANCE Q

In this Appendix we will show that the capacity-achieving input distribution Q is diagona in the basis
of T defined in (35). To start the proof we point out that the mutual information (to order O(1/n)) for

a given Q is the extremum of (38) given also below
L(Q,{ti}.{r}) = Mlogdet (L, + QT)
+ M logdet (Im + f{) — M Z 7t
l

with respect to ¢;, r; for [ = 0,..., L — 1. The saddle-point equations are given by (33), (34) also seen
below:

~1—1
no= 2 {QTZ L. +QT| }
n
1 . 1—1
= —Tr{Rl [Im + R] }
nt
It should be noted that the mutual information is an extremum of S in a larger complex space of the

elements of the matrices {7, R'}, but for simplicity we only focus on the dependence of T'(Q, {;}, {r;})

in the 2L-dimensional space of {t;,r;}. In this case one can view I'(Q, {t;},{r;}) as a function of
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2L + ns2 + ny — 1 variables, where the last n;2 + n; — 1 are the degrees of freedom of Q, an n-
dimensional hermitian complex matrix with fixed trace. Extremizing the above function over {t;,r;}
we can eliminate al {¢;,r;} using the above equations. Thus for fixed Q the mutua information can
be written as 1(Q) = I'(Q, {#;(Q) }, {r:(Q) }) with ¢;(Q), r;(Q) functions of Q. Suppose now that we
maximize 1(Q) with respect to Q with the constraint 7rQ = n; and that Qq is the optimal matrix. As
aresult, I(Qo) = I'(Qo, {t:(Qo) }, {r:(Qo)}) is @ maximum over Q and an extremum over ¢;,r;. Thus
if one varies Qq locally keeping its eigenvalues (and trace) fixed, the variation of 7(Q) will vanish to

first order in the variation. The most general such variation can be written as
Q. = eMQue (108)
= Qo +iANH, Qo]+ ... (109)

where H = HT is an arbitrary traceless Hermitian matrix, \ is a small scalar, and the notation [a, b] =

ab — ba is the commutator. Thus the first derivative of I" with A has to vanish at A = 0. Therefore we

_ (o0 o fondn or i
a0 |OX A lotdx ot dA

have

dar

0= —
dA

(110)

A=0
Since I is an extremum with respect to {r;,¢;} the partial derivatives of T" with {r;,¢;} vanish. We are

left with the first term, OT"/0A, which should also vanish if T is a maximum over Q, resulting to

or - N -1
o=l = T [[H,QOJT (T, +QoT) ] (111)
= Tr[HZ] (112)
with
7 - (Im+Q0T)_1—<Im+TQO)_1 (113)

Now, since H is an arbitrary traceless Hermitian matrix, the condition (112) is equivalent to the statement
that Z is proportional to the identity matrix. However, it is easy to see from (113) that Z must be traceless,

which implies that our extremization condition is equivalent to Z = 0 or
TQo = QT (114)

which requires that Q, and T have the same eigenvectors whenever Q is a maximum.
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