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Abstract

Recent advancements in iterative processing of channel codes and the development of turbo codes have
allowed the communications industry to achieve near-capacity on a single-antenna Gaussian or fading chan-
nel with low complexity. We show how these iterative techniques can also be used to achieve near-capacity
on a multiple-antenna system where the receiver knows the channel. Combining iterative processing with
multiple-antenna channels is particularly challenging because the channel capacities can be a factor of ten
or more higher than their single-antenna counterparts. Using a “list” version of the sphere decoder, we
provide a simple method to iteratively detect and decode any linear space-time mapping combined with any
channel code that can be decoded using so-called “soft” inputs and outputs. We exemplify our technique
by directly transmitting symbols that are coded with a channel code; we show that iterative processing with
even this simple scheme can achieve near-capacity. We consider both simple convolutional and powerful
turbo channel codes and show that excellent performance at very high data rates can be attained with either.
We compare our simulation results with Shannon capacity limits for ergodic multiple-antenna channel.

Index Terms-Wireless communications, BLAST, turbo codes, transmit diversity, receive diversity, fading
channels, sphere decoding, soft-in/soft-out, concatenated codes

1 Introduction and Model

One way to get high rates on a scattering-rich wireless channel is to use multiple transmit and/or receive
antennas [1, 2]. Many of the practical space-time schemes that achieve these high rates, such as BLAST (Bell
Labs Layered Space-Time) [1], orthogonal designs [3, 4], and linear dispersion codes [5] are designed to
have simple symbol detection at the receiver because they map the symboils linearly to the transmit antennas.
The codes of [3, 4] have very simple detectors and are generally designed to optimize a raw block or bit

pairwise error performance criteria, while the codes in [5] are designed to optimize an information-theoretic



criterion.

However, any effort to achieve capacity on a channel usually requires some form of “outer” channel
code that provides redundancy and/or interleavers to guard against bursty fading, interference, and additive
receiver noise. In this case, the space-time encoder or mapper acts like an “inner” code that transmits
symbols that have redundancy introduced by the outer code. At the receiver, the space-time detector is
therefore confronted by symbols that are correlated through the channel code, thus significantly complicating
the detection process.

The space-time transmission scheme and channel code can be combined, as in the trellis codes of [6], but
these combined codes are generally designed by hand and have exponential state complexity in the number
of antennas. We seek simple schemes that work for any combination of transmit and receive antennas, and
at the high capacities that these antennas promise on a flat-fading channel.

We propose a method to iteratively detect and decode any linear space-time mapper that is combined
with an outer channel code. By a linear space-time mapper, we mean that the symbols to be transmitted
on each antenna should be linear functions of the encoded data stream; the method therefore applies to
many existing space-time mapping schemes. The channel code can be any code that may be decoded using
“soft” inputs and outputs. Convolutional and turbo channel codes [7] are natural candidates. The method
works in an iterative fashion to approximate the optimal joint detector/decoder. It is simple to implement,
computationally tractable, and, as we show, can be used to achieve near-capacity on a multiple-antenna
channel.

At the heart of our method lies a modified version of the so-called “sphere decoder” [8]. The sphere
decoder is introduced for space-time processing in [9], where it is used to compute the maximum likelihood
(ML) symbol estimate with complexity comparable, at a high signal-to-noise ratio (SNR), to the V-BLAST
nulling/cancelling algorithm [10]. Our modification provides a list of candidates at the detector that allows
us to compute, with low complexity, the bit posterior probabilities needed for our iterative decoder.

Some examples of iterative methods that combine channel codes and space-time processing include
[11, 12, 13, 14]. These studies are limited to small signal constellations or few antennas because the under-
lying optimal detection algorithm is often exponentially complex in one or both. Other examples include
[15, 16], where the suboptimal V-BLAST nulling/cancelling detection is combined with iterative process-
ing. Another iterative method [17] uses a suboptimal group-nulling/cancelling approach to detection. Our
method approaches the performance of optimal joint detection and decoding, while avoiding the exponen-

tial complexity in the number of antennas and data rate. We are therefore able to handle huge rates (tens of



bits/channel-use) at very low error probabilities.

Our method is fastest when the linear space-time mapper gives us at least as many equations as unknown
symbols at the receiver. When there are at least as many receive antennas as transmit antennas, this condition
is generally satisfied. When there are more transmit than receive antennas, space-time mappers [3], [4], [5]
can be used to achieve this condition by adding spatial redundancy. Nevertheless, our method can be used
without any space-time mapper at all.

For simplicity, our simulations consider only examples where the number of receive antennas equals
the number of transmit antennas. No special space-time mapping is used and, as we show, we are able to
approach capacity with a simple interleaver, off-the-shelf turbo code, and our iterative detector. No special
multi-antenna code-design notions such as “diversity” [18, 6, 19, 20] are needed.

Our capacity comparisons assume that the receiver knows the fading channel characteristics, which are
changing sufficiently rapidly that the channel can be viewed as “ergodic”. We do not consider a static model,

where a comparison with an “outage” capacity would be more appropriate.

1.1 Linear model for multiple-input/multiple-output channel

Lets be anM x 1 vector of symbols (also referred to as “vector constellation symbol”) whose entries are
chosen from some complex constellatiér(e. g. QPSK, 16-QAM) witre™-, M. > 1, possible signal
points, and leyy be anN x 1 vector of received signals (also referred to as “vector channel symbol”) related
by

y = Hs + n, (1)

where H is a complex matrix, known perfectly to the receiver, ands a vector of independent zero-
mean complex Gaussian noise entries with variancg@er real component. We assume that the vector

s = [s1,...,s1]" obeys the component-wise energy constréinjts,,||> = E,/M: this normalization
makes the total transmitted powEg. Many narrowband flat-fading space-time transmission schemes can
be written in this form. For example, BLAST [1] uses the transmit antennas to send a layered structure of
signals, and thereforg/ represents the number of transmit antenMasgepresents the number of receive
antennas, anH is the true multiple-input/multiple-output (MIMO) matrix channel. Other examples include
orthogonal designs [3, 4], and LD codes [5] whé&fes aneffectivechannel derived from one or more uses

of the true channel. In this cas®f and N are generally only proportional to the number of transmit and

receive antennas. We refer to any use of the transmit antennas su&f tbptesents the true channel as



direct transmissionBLAST is an example of direct transmission.

We assume that the vector model (1) is used repeatedly to transmit a continuous stream of data bits,
separated into blocks representing uses of the channel. For any given block, let the components of the
symbol vectors be obtained using the mapping functiep = map(x<™>), m = 1,..., M (i.e. gray
mapping [21]) wherex<™> is an M, x 1 vector (block) of data bits, and/. is the number of bits per
constellation symbol. The vector of bits transmitted during one application of the model (1) is witten
it is obtained by concatenating<'>, ..., x<M> such that the transmitted vector constellation symbol is
s = map(x). The uncoded transmitted information rate is tiién M, bits per use of the channel (1). We
designate a sequence of blockby x(1), x(?) .. ..

If the information bits in the blocks"), x(?), ... are uncoded, then decisions on the bits can be made
either by nulling/cancelling [10] or maximum likelihood on a block-by-block basis. We, however, consider
x() x(? . to themselves be the output of a channel code of Fate 1 that introduces redundancy
and correlation between its entries. The transmitted information rate isRAéi/,. bits per effective
channel-use, and it is suboptimal for the signal detector and channel decoder to operate separately and
only on individual blocks: the detector should make decisions jointly on all the blocks using knowledge of
the correlations across blocks introduced by the channel code, and the channel code should decode using
likelihood information on all the blocks obtained from the signal detector. An iterative method to accomplish

joint detection and decoding is presented in the next section.

2 lIterative Detection and Decoding

We regard the channel code and the MIMO channel as a serially concatenated scheme [22], with an outer
channel encoder (typically a convolutional or turbo code), bit interleaver, and inner space-time constellation
mapping with block encoding matril. To decodex(!),x(® . ... optimally, the joint detector/decoder
should compute the likelihood of each bit given all the blocks of received complex/tlata(? . ... and

the constraints imposed by the channel code. Generally, with codes of even reasonable block lengths, this
is computationally infeasible. Therefore, we are often content to solve the simpler problems of having the
MIMO detector incorporate soft reliability information provided by the channel decoder, and the channel
decoder incorporate soft information provided by the MIMO detector. Information between the detector
and decoder is then exchanged in an iterative fashion until desired performance is achieved. While this

iterative process is not strictly optimal, it has been shown that the “turbo principle” is very effective and



computationally efficient in other joint detection/decoding problems [23, 24, 25, 26]. In this section we
describe the basic principles of iterative detection and decoding while emphasizing the portions that are
important to the model (1) and leaving the well-known channel coding details to references.

Figure 1 gives a flowchart of the iterative algorithm that we use. The detector takes channel observations
y anda priori knowledgeL 4, on the inner coded bits and computes new (also referred to as “extrinsic”)
information L g, for each of theV/ - M, coded bits per vector channel symgolThenL g, is deinterleaved to
become tha priori input L 4, to the outer soft-in/soft-out decoder (MAP-, APP-, BCJR-algorithm [27, 28])
which calculates extrinsic informatiohz, on the outer coded bits. Thely, is re-interleaved and fed
back asa priori knowledgeL 4, to the inner detector, thus completing a cycle or “iteration”. Each iteration
reduces the bit error rate (BER) by this exchange of information. In Figure 1, the subscript “1” denotes
processing blocks that are connected with the inner mapping/detection operation, whereas the subscript “2”
denotes processing blocks connected to the outer encoding/decoding operations. One complete cycle of
information exchange between the sections labeled “1” and “2” is an iteration.

Although the overall flow of the algorithm described in Figure 1 is generally accepted and standard,
the actions within the sub-blocks largely determine the overall complexity and feasibility of the algorithm.
Since we are using standard convolutional or turbo channel codes, the outer encoder and decoder are also
relatively standard. However, because we are using the multi-antenna model (1), the inner detector must
be carefully designed to be computationally efficient at the high data rates we are considering. We focus
in detail on the detector in Section 3, and now describe how to compute the varpiwi and extrinsic

quantities used in Figure 1.

2.1 Maximum a posterioribit detection

Maximizing thea posterioriprobability (MAP, or APP) for a given bit minimizes the probability of making

an error on that bit. Tha posterioriprobability is usually expressed as a log-likelihood ratio value (L-value
[23]). L-values provide a convenient notation for describing the operation of iterative decoding algorithms;
simple add/subtract operations are sufficient to separatéori or old information from new (“extrinsic”)
information obtained during an APP detection/decoding cycle. As shown in Figure 1, usually only extrinsic
information is exchanged in processing cycles. A decision is made from an L-value by using its sign to
tell whether the bit is a one or zero. The magnitude of the L-value indicates the reliability of the decision;
L-values near zero correspond to unreliable bits. In this paper, the logical zero for a bit is represented by

amplitude levek;, = —1, and logical one by, = +1.



We assume, for the moment, that we are working on a block ofkbitsrresponding to one use of the
linear model (1). (For the moment, we omit the subscripts used in Figure 13 pbsterioriL-value of the
bit .,k =0,...,M - M. — 1, conditioned on the received vector channel symhas

Plzy = +1|y]

We assume that the bits & have been encoded with a channel code, but that an interleaver at the en-
coder is used to “scramble” the bits from other blocks into our block so that the bits withia approxi-
mately statistically independent of one another. Using Bayes’ theorem, and exploiting the independence of

Zo, ..., Zn-0M,—1 Dy splitting up joint probabilities into products, we can write the soft output value as

Y. p(ylx)-exp > Lal(z))

X €Ik x
Lp (zk|y) = La (zg) + In ——2* Ik, 3)
Y. p(ylx)-exp > Lal(zj)
Xexk,_l jeJk-,x
Lp(@kly)

whereX, 1 is the set oM M~ pit vectorsx havingz, = +1; that is,

Xp 1 ={x|zr =+1}, Xp_1={x|2p=—-1}, (4)

Jk x is the set of indiceg with

Jk),x:{.ﬂj:03"'3M'Mc_laj7éka'ndxj:1}3 (5)
and
N Plzi=1]

By multiplying the numerator and denominator withp [—% . Z,ﬁ‘ié”ﬂ’l Ly (xk)} , we may write (3) as

> plylx)-exp (Sxh - Law)

XEXk,Jrl

T plylx) e (5% Lagm)

. /
-~

Lg(zily)

Lp (z|y) = La(zx) +1n : (7)




wherex; denotes the subvector fobtained by omitting itéth elementzy,, andL 4 ;) denotes the vector
of all L 4-values, also omitting:,. Thus, L can be written as a sum afpriori L-value L 4 and extrinsic
L-value L. These manipulations are standard and more details may be found in [23].

We may rewrite (7) using the subscripts used in Figure 1 as

xle%c +1p (y |X1) TP (%X{W ’ LAI’[k]>

> plyhx)exp (3 L)
x1EXg, 1 o

. /
-~

Lp, (z1.]y) = La, (x14) +1n (8)

Lg, (z1,xly)

Equation (8) applies to the channel model (1), whererepresents the coded bits to be transmitted
andy is the vector measurement obtained at the receiver, but we may also apply (7) to the channel (error-
correcting) code. Equation (7) then becomes d@hposteriori L-value obtained from APP decoding of
the outer channel code. Thus, the channel decoder processing can also be decompaspdantand
extrinsic components. We omit a detailed description of this standard interpretation and simply give the
resulting equation for the channel code:

> exp (%Xg,[k] : LAz,[k]>

x2€X g 41

1T '
x2€§k —1exp <§X27[k} ' LA2’[k])

. /

Lp, (172,/6 |LA2) = Ly, (:EZ,k) +In )

L, (x2=k|LA2,Uf])
In this equation, the raw data bits are denatedsee Figure 1 variables with subscript “2”), ald . ; is
now the set of vectors whose length is the same as the interleaver; ywithi-1.
2.2 Likelihood function for APP detection

An essential part of computing the L-value (7) for the detector is computing the likelihood fup€titm).

This is easily found from (1)

exp |5k - |y —H-s|”

p(yls =map(x)) = @2ro?)V (10)

For the L-value calculation only the term in the exponent is relevant and the constant factor outside the

exponent can be omitted.



2.3 Some standard simplifications for DSP implementation

To evaluate the numerator and denominator in the log-likelihood ratio computation in (7) it is sometimes

advantageous to use the “Jacobian logarithm”.

jacln (a1, a2) := In(e" 4 €"?) = max (a1, a2) + In (1 + ef|‘“7“2‘> (12)

~ /
-~

r(lai—az])

wherer(-) can be viewed as a “refinement” of the coarse approximatiar(a;,a2). On a digital signal
processor (DSP) with no exponential or logarithm function, a Jac-log approximation can be obtained by
storingr(-) in a look-up table [28]. To compute the Jac-log approximatiotn'@jf-vzi1 e for N; > 2, we

can use the recursive calculation

1. initialize: v = —o0

2. compute : fori=1to N; do v :=jacln (v, a;)

Further simplications are possible by using the Max-log approximation, which efrjtaltogether. Simu-
lations in [28, 29] show that the performance degradation over the Jac-log approximation is often very small.
With the Max-log approximation, the extrinsic L-value of (7) becomes

Ly (wely) = 5 max {~Llly —H-s|” +xf Lo }

XEXk,+1

(12)

2
—3 e {=gelly sl Lo}

wheres = map(x).

Unfortunately, even with these simplifications, computing(z|y) is exponential in the length of the
bit vectorx or the number of symbols in the constellatién To find the maximizing hypotheses in (12)
for eachzy, there are™-M-—1 hypotheses to search over in each of the two terms. For even a moderate
block sizeM, or bits per symbol/,, this complexity may be overwhelming. For example, if the model (1)
is used with eight transmit and eight receive antennas and direct transmission of a 16-QAM constellation,
thenM - M, — 1 = 31 and2M-Me—1 ~ 2 x 10°. In the next section, we therefore concentrate on finding a

method to approximate (12) that avoids this exhaustive search.



3 MIMO Detection using the Sphere Decoder

A simple way to approximate (12) is to exclude from our sear@r which
ly — Hs||* (13)

is “large” and include only the hypotheses for which (13) is “small”; it turns out that, in practice, there are
generally only a handful of hypotheses for which (13) is small. In this handful, which we catemalidate
list, we can search for the hypotheses that maximize the two terms in (12). Searching the candidate list
generally provides a good approximation of (12). In this section, we describe the application of a “list”
sphere decoding (LSD) algorithm to rapidly find the candidate list. In the process, we show how the sphere
decoder, originally designed for real constellations, may be modified to handle complex constellations.

We first give an overview of the sphere decoder for real constellations and channels. The sphere decoder
(or “sphere detector”, as we may also call it in the context of MIMO detection) solves

min (s — s)THTH(s — 8), (14)
SIS

wheres is the center of our search sphere, ands the lattice defined by having each entry of the

dimensional vectos be taken from a constellation 8f/c consecutive integers. We observe that
ly —Hs|* = (s —8)"H"H(s - 8) +y" (I - HH"H) 'H")y, (15)

wheres = (H"H)~'H"y is the unconstrained maximum likelihood estimates.oThe true (constrained)

maximum likelihood estimate is therefore
$m1 = argmin ||y — Hs||> = argmin(s — 8)"H H(s — 8). (16)
sEA seA

The sphere decoder may thus be used todjpd

Solving (14) is generally difficult unlesH has orthogonal columns, in which case fffedimensional
search becomes/ simple 1-dimensional searches. Otherwise, an exhaustive search needs to examine
2M-M. different hypotheses. The sphere decoder avoids an exhaustive search by examining only those
points that lie inside a sphere

(s —8)THTH(s — 8) < r? (17)



with the given radius: large enough to contain the solution. The algorithm is described originally in [30]
and refined in [8] and has its origins in finding the shortest vector in a lattice. Its application as a decoder for
fading channels is described in [31], and as a maximum likelihood decoder for multiple antenna channels
in [9, 33, 5, 32]. As we show below, sphere decoding uses the same Cholesky factorization of the channel
matrix as in V-BLAST nulling/cancelling algorithm described in [10], but it makes a joint decision on the
symbols.

We assume, for the moment, thrat> 0 has been chosen so that the sphere (17) contains the solution to
(14) and possibly some additional points of the lattice. Udie an upper triangulal/ x M matrix chosen
such thatU”U = H"H (using, for example, Cholesky factorization). Let the entriekJdie denoted;;;,

1<j=1,...,M,and assume, without loss of generality, thgt> 0. Then (17) may be written

2

M M
(s —8)TUTU(s—8) = ul [si— 5+ Y. %(sj—s:j) <72 (18)
i=1 j=i+1

Each term in the sum overis nonnegative. The sphere decoder establishes bounds, on, s;; by
examining these terms in subsets.

Starting withi = M, and throwing out the terms=1,..., M — 1, we obtain from (18)

~

Wirn(sm — 3m)? <12,

or

r
’V§M_ -|§3M§\:§M+
UMM

J . (19)

UM M
(The function|-] finds the smallest integer greater than or equal to its argument,- afidds the largest

integer less than or equal to its argument; these functions are used because the constellation is assumed to
be set of consecutive integers.) After computing the lower and upper bounds in (19), the sphere decoder
chooses a candidate value fay; and computes the implications of this choice ©i_;. (Contrast this

with the V-BLAST nulling/cancelling algorithm which makes a decisionsgp at this point.) To find the
influence of the choice of); on s,;_1, the sphere decoder looks at the two teims M — 1, M in (18),

throws out the remaining terms, and obtains the inequality

UM—I,M( .

2 5 2 2
UN—1,M-1 [SM-1— SM-1+ worns sv—8m)| +ui(sm —8m)” <1’

10



which yields the upper bound

sp—1 < |Sm—1 + (svr — 8mr) (20)
and a corresponding lower bound. The sphere decoder now chooses a candidgte;farithin the range
given by the upper and lower bounds, and proceedg;to,, and so on.

Eventually, one of two things happens: 1) the decoder reacharsd chooses a value within the com-
puted range; 2) the decoder finds that no point in the constellation falls within the upper and lower bounds
obtained for some,,. In the first case, the sphere decoder has a candidate solution for the entire vector
s, computes its radius (which cannot exce@dand starts the search process over, using this new smaller
radius to find any better candidates. In the second case, the decoder must have made at least one bad candi-
date choice fos,,+1,...,sy. The decoder revises the choice fgf; (which immediately preceded the
attempt fors,,,) by finding another candidate value within its range, and proceeds againsiQ.ttyno more
candidates are available g}, 1, the decoder backtracks ¢g, 2, and so on.

The performance of the algorithm is closely tied to the choice of the initial radid$ie radius should
be chosen large enough so that the sphere contains the solution to (14). However, theisachesen, the
longer the search takes.sfis chosen too small, the algorithm could fail to find any point inside the sphere,
requiring that be increased. For good choicesrdfve have more to say about how to choedater), the
algorithm appears to be roughly cubic M for the values of\/ that we consider [33, 34]. This is a vast

improvement over an exhaustive search, which is exponentidl.in

3.1 Complex sphere decoder

The sphere decoding algorithm described above applies to a real system of equationssndi@sen from

a real lattice. Therefore, we may apply the algorithm to the complex system (1) only when the real and

imaginary components of, H, ands can be decoupled to create a system of real equations with twice the

dimension of the original system. This decoupling is possible, for example, when the en#riie ahosen

from a QAM constellation. It is not generally possible, however, for PSK or other complex constellations.

Fortunately, as we show, the sphere decoder may be modified to handle complex constellations as well.
We wish to solve

min(s — §)*H*H(s — 8), (1)
seEA

11



where§ andH are complex{-)* denotes conjugate-transpose, anis a complex lattice in the sense that

each coordinate af is chosen from a complex constellation. The complex sphere search is then
(s —8)*H*H(s — 8) < r°. (22)

We use the Cholesky factorization to find an upper triangUlawith u;; real and positive such th&i*U =

H*H. Then (22) may be written

M Mo 2
(s—8)U'U(s—8) = ul|si— &+ Y —L(s;—§) <r’ (23)
i=1 joirn i
As in the real case, these terms are nonnegative and are examined in subsets to find beunds,aen;, .

The termi = M yields
-

lspr — Smr| < (24)

UMM

This inequality limits the search to points of the constellation contained in a complex disk of radiys,
centered ag,;. These points are easily found when the constellation forms a complex circle (as in PSK).
Figure 2 shows graphically that the intersection of a disk and a circle is generally an arc. The angular sweep
of this arc can be obtained analytically by solving for the overlap of the search disk and the constellation
circle.

Letsy, = e, wherefly, € {0,2n/2Me ... 2x(2Me —1)/2Me} are the2M- angles of theM:-PSK
constellation, and. > 0 is the radius of the circle formed by the PSK constellation. Defagte= fceiéM

wheres, > 0. Then (24) becomes

7,2

2 )
Unr v

|8M — §M 2 ’f’z +fz - 2TCfCCOS(9M - éM) S

which yields
A 1 9 .9 2
COS(QM — 0M) > — |1, + 7. — 5 =:n. (25)
2rete Unr v

If > 1 then the search disk does not contain any point of the PSK constellatipr: K1 then the search

disk includes the entire constellation. Fet < n < 1, the arc is described by

|Orr — éM| < cos 1.

12



(We assume thdt < cos™!(-) < 7.) Alternatively, the range of allowable constellation points is given by

[22]\: (éM —cos ™! 77)-‘ < 22]\74: Oy < {22]\: (éM +cos ! r])J . (26)

We may now choose a candidatg; by letting 85, be a point within the range (26). The remainder of
the algorithm proceeds as in the real case. The sphere decoder establishes bdunds loy finding its
allowable arc using the two termis= M — 1, M in (23), chooses a candidate fty; 1, and so on.

We note that complex constellations other than PSK may also be efficiently decoded using the complex
sphere decoder. For efficient decoding, the decoder must be able to quickly recognize which constellation
points are contained within the search disk for every Because identifying constellation points within
the search disk is simple when the points are arranged in a circle, it follows that constellation points that are
arranged in concentric circles can also easily be identified. For example, Figure 3 shows how the 16-QAM
constellation can be expressed as an arrangement of points in three concentric circles. Solving for the points
within the search disk simply requires solving the inequality (25) for three different valugs &While
16-QAM can also be handled by the real sphere decoder by decoupling the real and imaginary equations to
form a system of real equations that is twice as large (see, for example, [9]), the complex sphere decoder

has a speed advantage because it does not double the effective dimension of the search lattice.

3.2 List sphere decoder

The previous section shows that the sphere decoder solves (14), (16) or (21). However, we are interested in
computing (12). Finding the maximum likelihood estimatg does not necessarily help, because, although

it is the estimate that makes (13) smallest, it is not necessarily the estimate that maximizes the two terms in
(12).

However, a simple modification to the sphere decoder helps us to compute (12). The sphere decoder is
modified to generate a ligf of the N .,q pointss that make (13) smallest. This list, by definition, must
includes,,;, but its sizeN.,,q obeys2™Me > N+ > 1, and is predetermined sufficiently large so that
L also contains the maximizer of (12) with high probability. To cre@tehe sphere decoder needs to be
modified in two ways. Every time it finds a point inside the initial radiuis. 1) does not decreaseto
correspond to the radius of this new point; 2) adds this poidt ifcthe list is not already full; or ifZ is full,
it compares this point with the point ii with the largest radius and replaces this point if the new point has

smaller radius.

13



Hence,L contains the maximum likelihood estimate aNg,.q — 1 neighbors for which (13) is smallest.
The “soft” information about any given hit, is essentially contained ié because if there are many entries
in £ with z;, = 1 then it can be concluded that the likely value fgris indeed one, whereas if there are few
entries inL with z; = 1, then the likely value is minus one. If there are no entries with a prescribed bit
value then we can set its corresponding L-valyg(z|y) to an extreme value whose size can be made an
increasing function of the radius A largerr generally allows for largeN..,q, Which makes the list more
reliable. In practice, a simple clipping of L-values (in our case-8) also yields good results.

Equation (12) is approximated usidgas

2
L (aely) ~ § max (= lly =l + ] Lagg}

1 1 2 T
—gxe%,_l{—ﬁ ly —H-s|” + %, Lagg }

(27)

wheres = map(x). The approximation (27) becomes an equality only wheg,q = 2MM¢, but the size
of N.anq needed for good performance is usually far less. Therefore, in practice, computing (27) is much
faster than computing (12).

There is also a tradeoff between the accuracy of (27) and the speed of the list sphere decoder. Finding
Neana points is generally slower than just findigg, (which corresponds t&...q = 1), because the search
radius always stays atand does not decrease with every point that is found. But as noted in [34], the
added complexity of holding the radius fixed is small. Generally, we would like to mVake, as large as
possible, while still having acceptable complexity. We have more to say about how to ehaogdéV.,.q
in Sections 3.3 and 4.2.

We observe that for the list sphere detection soft value calculation (LSD/APP), the candidétpdist
block channel symba¥y can be computed just once and stored in memory, no matter how many iterations
are used between the detector and decoder. With every iteration, the upgated knowledgeL 4, from
the outer decoder is used for the metric calculation of (27), searching the&amind the maximizing

hypotheses. If buffer sizes are severely limited, the sphere detector can be re-run at every iteration.

3.3 A note on choosing the sphere radius

The list sizeN..,q measures how well (27) approximates (12). Suppose that the desired degree of approxi-
mation is obtained for som¥.,,q, and we need to choosdo obtainL with N.,,q candidates, on average.

Clearly, ifr is chosen too small, only few points will be found inside the sphere, no matter howNagge
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is. On the other hand, choosingoo large slows the LSD down because it searches through many candidates
before it finds the besV,,,q of them.

To obtain a rough idea of a typical valuemgfwe note that for the trus,
ly —Hs|* = [n[* ~ o - X3y,

wherex3 y is a chi-square random variable wittV degrees of freedom. The expected value of this random

variable iso?E x2, = 202N. Therefore, from (15), one possible choice of radius is
r? =20°KN — y*(I - HH*H)'H")y, (28)

whereK > 1 is chosen so that we are reasonably sure, as measured by a confidence intervajgr the
random variable, that we will capture the treie Depending on the size d¥.,.q, Wwe may increase this
radius by some multiple of the covering radius (or its approximation) of the lattice [35]. We have found that

simple trial and error provides a satisfactory valuerfovithout difficulty.

4 Performance Examples of Using Multiple Antennas at High Data Rates

In this section, we demonstrate the near-capacity performance of the iterative LSD/APP detector/decoder.
We focus on direct transmission, with an equal number of transmit and receive antdfinad/ system).

We first compute some channel capacities and mutual informations of constrained constellations.

4.1 Capacity of the ergodic MIMO channel

With direct transmission, and assuming that the entries of the complex riktbe independent complex
Gaussian random variables (Rayleigh amplitude, uniform phase) with unit variance, the channel capacity of
the model (1) is [2]
_ P *
C = E log det (IN + 2 HH ) : (29)

2%2 is the signal-to-noise ratio as physically measured at each receive antenna, and the expec-

tation is over the entries . We use the convention thafy/2 = o2 (double-sided noise power spectral

wherep =

density) to define the signal-to-noise ratio measure FE,;/N,. For (29) to be meaningful, the channel

should be ergodic in the sense that the statistical natuié i observed as the channel is used. We as-
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sume that the channel is perfectly tracked by the receiver and interleaved so that successive channel uses see
independent samples HI.

To achieve any point on the capacity curve, a symbol constellation with a Gaussian distribution is gen-
erally needed. However, to be practical, we restrict our attention to PSK or QAM constellations. To see the
effect of a PSK or QAM constellation on the maximum achievable rate in the model (1), we compute the
mutual information between the outpgtand inputs, assuming thaty, ..., s); are chosen independently

and equally likely from the constellation. The mutual information is computed using the formula

I(s;y) = H(y) — H(yls), (30)

whereH (-) = —E log p(-) is the entropy function. Standard arguments show Eh@t|s) = N log 2ro?e

for the Gaussian channel (1) for any symbol constellation. The (s in (30) is more difficult to com-

pute and generally has no closed-form expression. For our purposes, it suffices to note that the expectation
in H(y) = —E log p(y) is over the three sources of randomness in the choicesk®f andn. This expec-

tation is easily approximated numerically using sampling (Monte-Carlo) methods. Whedp is not too

large, we may compute the expectation ayverithout approximation using a sum

1 1
H(y) = —E log (W ZGXP [—FHY - HSHZ]) )
S

where the sum allows the entries of the veatéo run over all2’ - possible combinations of the constel-
lation values.

The result of computing (30) for various constellations for two transmit and two receive antennas appears
in Figure 4. The capacity is represented by the uppermost curve (Gaussian input, equation (29)). The
remaining curves can be thought of as generalizations of constellation-constrained rate curves commonly
available for single-antenna systems [36].

We would like to achieve a point on the capacity curve (29) at somé&ral® make our transmitted data
rateC, we must choose the vector constellation €¥&"c and channel code rafe such thatRM M, = C
(channel coding theorem [37]: error-free transmission possiblé&farM/. < C). We also must consult
Figure 4 to ensure that the mutual information attained by the constellation is close to the capacity curve
atC. For example, suppose it is desired to achieve ¢ate 6 (at E;/Ny ~ 11 dB). One possibility is to

choose a 64-QAM symbol constellation, which has an uncoded maximum data rate of 12 bits/channel-use,
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and a channel code raie= 1/2. Figure 4 confirms that the mutual information of a 64-QAM constellation

at 6 bits/channel-use is very close to capacity.

4.2 Discussion of simulation results

We first provide a definition of}, /N, that is used in some of our performance curves. By our definition

of E, in Section 1.1, the (average) signal energy per transmitted PSK or QAM constellation synisol

E;/M. Because the fading coefficients are independent with unit variance, the (average) signal energy per
receive antenna i&;. Hence, theV receive antennas collect total pow8i;, carrying M M, coded bits,

or RM M. information bits. We therefore define the signal energy per transmitted information bit at the

receiver to be, = —N__ . ., or, expressed in terms of logarithmic signal-to-noise ratio measures,
RM M.

Ey
No

E;

= (31)
dB No

+10logg =———.
4B RMM,

Since system capacity grows linearly with the number of antennas When N, capacity for a given PSK
or QAM constellation is attained at (approximately) the samgN, as defined in (31), independently of
the number of antennas. This phenomenon is displayed in Figure 6.

In our examples, we use the same number of transmit and receive antenfi&s-sd¥. We use direct
transmission, with no special space-time mapping. The sphere detector operates very rapidly because it has
as many equations as unknowns [33, 5].

For the simulations, a rate = 1/2 parallel concatenated (turbo) code [7] of memory 2 with (recursive)
feedback polynomials, (D) = 1 + D + D? and feedforward polynomiak(D) = 1 + D? is used. The
interleaver size of the turbo code is 9216 information bits. As can be seen from Figures 4 and 5, for a code
rate of R = 1/2 the contrained input capacity (QPSK/16-QAM/64-QAM) is generally very close to the
continuous (Gaussian) input capacity.

Figure 6 shows the performance of iterative detection and decoding for different modulation schemes
(gray mapping) up td/ = N = 8 transmit/receive antennas. HafM, < 8 bits per vector channel symbol,
full APP detection was applied, which searches ®/##/ hypotheses per detected bit. FafM, > 8,
sphere detection with candidate lists of maximal lengthg,q = 512 (8 < M M. < 32) andN.,ng = 1024
(32 < MM, < 48) were used. The respective capacity limits (dashed lines) indicate how closely the
MIMO capacity is approached. The transmission is organized in blocks of length 9216 information bits.

For each block, we performed 4 iterations over the MIMO detection loop, and 8 iterations within the turbo
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decoder. These choices for the number of iterations were found to yield good overall BER performance.
Increasing either number of iterations past these suggested numbers increases the decoding complexity
without materially improving performance.

The BER curves in Figure 6 for tHex 1 case (one transmit, one receive) are given as references for turbo
code performance on a Rayleigh channel. As a general rule, the more bits that are involved in the detection
process {4 - M.), the more candidates should be kept for computing the soft output values. Hence, the
process of limiting the candidate list to a reasonable number is especially restrictive for the 643QAM,
case (lower right BER chart of Figure 6), whevEM . = 48. Most of the gap of approximately 6 dB from the
capacity limit is due to our settingy.,,q = 1024, which is a tiny fraction o2"Mc ~ 2.81 x 10'4, the total
number of hypotheses required for full APP detection. To show that even this small i&t,0f = 1024
candidates is very helpful, we note that reducing this lisVtg,q = 1 (list contains maximum likelihood
estimate only) results in a BER curve with “turbo cliff” at about 17 dB (not shown), representing a loss of 5
dB overN.,nq = 1024.

Figure 7 compares the performance of iterative detection and decoding using a very simple outer convo-
lutional code R = 1/2, memory 2) with the turbo code. Although the final (after iterating) performance of
the turbo code is better, the advantage is only approximately 4 dB. Interestingly, we see that the gains from
the detector/decoder iterations are more pronounced with the convolutional code.

In Figure 8, we can see how BER performance improved’agq is increased from 1 to 512. Since
the size ofN.,nq IS @ measure of time spent in the list sphere decoder and time spent computing (27), this
figure gives a measure of the performance/complexity tradeoff when using our proposed iterative LSD/APP
decoder.

In Figure 9, we apply a rat® = 3/4 memory 2 turbo code (punctured version®f= 1/2 code used
in previous examples) to yield the huge spectral efficiencRdf M. = 36 bits per channel-use (64-QAM
on8 x 8-channel). In this case, the maximum likelihood estimate by itself already performs quite well, but
iterating with a candidate list of lengtN.,,q = 512 gains another 3 dB and puts us less than 5 dB from

capacity.

5 Conclusions

We have presented a computationally efficient method of achieving near-capacity on a multi-antenna chan-

nel. The method iterates the channel decoder and a list sphere detector that finds a set of candidates from
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which the posterior bit probabilities can be accurately computed.

Our approach scales easily with the symbol constellation size and number of antennas, but we have
focused primarily on cases with equal number of transmit and receive antennas. We note that space-time
code design notions such as “diversity” that are derived from pairwise probability of error criteria are not
needed for our iterative method to achieve near-capacity. All that is needed, in principal, for any combination
of transmit and receive antennas is a single channel code followed by a linear map of the coded data symbols
to the transmit antennas. These coded data symbols are then interleaved and sent over the transmit antennas.

When there are more transmit than receive antennas, our experiments show (not reported here) that
direct transmission still successfully achieves capacity, but sphere detection becomes more computationally
burdensome. Alternatively, a mapping such as used in [5] can be used to ensure that the number of equations
at the receiver is at least as large as the number of unknowns, without sacrificing channel capacity.

The size of the listV,,q in the modified sphere decoder closely determines the running time and close-
ness to capacity. We have provided some guidelines for chodging as a function of SNR and number of
antennas. Generally, the larger the information rate, the larger the list should be. In all cases, the complexity
is reasonable and is not exponential in the rate or number of antennas, as optimal processing would be.

We have not yet examined the performance of our method on a static channel, where a comparison with
outage capacity might be more appropriate than ergodic capacity.

Some possible ways that we have not considered to close the remaining gap to capacity include improv-

ing the turbo code and constellation shaping, especially at high rates.
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Figure 1. Transmitter, multiple input/multiple output channel, and receiver with iterative detection and
decoding. The subscript “1” denotes variables associated with the inner code (consisting of space-time
mapping and channel), and the subscript “2” denotes variables associated with the outer channel code. For
examplex; is the same as the varialtein equation (1).
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Figure 2. Intersection of search disk and 8-PSK constellation yields a subset of the PSK constellation
contained within the arc obtained by the intersection of the two circle boundaries.

Figure 3: Intersection of search disk and a 16-QAM constellation can be obtained by considering the QAM
constellation as three concentric rings of points.
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2x2, Mutual Information versus Capacity
18 T T T T T

16

Capacity
14 :

= I
o N

o]

Capacity (bits/channel use)

0 | | | | |
15 20 25 30
EJN, (dB)

Figure 4: Capacity (equation (29)) and mutual information verBygN, for two transmit/two receive
system in Rayleigh ergodic flat fading. The uppermost curve is the capacity, and the remaining curves
represent the maximum data rates achievable by various symbol constellations.

25



4x4, Mutual Information versus Capacity
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Figure 5: Capacity and mutual information verduiy N, for four transmit/four receive system in Rayleigh
ergodic flat fading. The uppermost curve is the capacity, and the remaining curves represent the maximum
data rates achievable by various symbol constellations.
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Figure 6: Bit error rate curves of QPSK, 16-QAM and 64-QAM over1-, 2 x 2-, 4 x 4- and8 x 8-MIMO
channels; block size 9216 information bits, code ate- 1/2, memory 2 turbo code; APP and LSD/APP
detection. The transmitted information rate (bits/channel-us&MEM .; for example, thel x 4 case with
64-QAM transmits 12 bits/channel-use and is roughly 4dB from capacity.
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Figure 7: BER curves for ML detection (hard decision output), list sphere detection with no iterations (soft
output detection, where the LSD output is used just once), and LSD with multiple iterations of 16-QAM
over a4 x 4-channel; comparison of outer memory 2 turbo code (left) and outer memory 2 convolutional
code (right), both of code rat8 = 1/2. The information rate is 8 bits/channel-use, and capacity is at 3.7

dB.
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Figure 8: BER curves as a function of SNR for various value¥ gf,4 ranging from 1 to 512, for a8 x 8-
channel transmitting QPSK witR = 1/2 memory 2 turbo code. The information rate is 8 bits/channel-use,
and capacity is at 1.6 dB (see Figure 6). Ksnq increases, performance improves, but the time needed to
compute (27) also rises.
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Figure 9: BER curves for ML detection (hard decision output), list sphere detection with no iterations (soft
output detection, where the LSD output is used just once), and LSD with multiple iterations of 64-QAM
over and x 8-channel; memory 2 turbo code of raie= 3/4. The information rate is 36 bits/channel-use,
and we are a little over 4 dB from capacity.
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