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Using a character expansion method, we calculate exactly the eigenvalue density of random
matrices of the form MM where M is a complex matrix drawn from a normalized distribution
P(M) ~ exp(—Tr {AMBMT}) with A and B positive definite (square) matrices of arbitrary dimen-
sions. Such so-called “correlated Wishart matrices” occur in many fields ranging from information

theory to multivariate analysis.

Physicists usually think of Wigner and Dyson as the
fathers of random matrix theory [1,2]. However, twenty
years before their first work on the subject, Wishart [3]
examined random matrices of the form MMT as a tool
for studying multivariate data. The properties of these
so-called Wishart Matrices, which are viewed as “funda-
mental to multivariate statistical analysis” [4], also find
important applications in fields from information theory
and communication [5-7], to mesoscopics [8], to high en-
ergy physics [9], to econo-physics [10].

In many cases one is interested in Wishart matrices
where the elements of M are not completely indepen-
dent random variables, but have correlations along rows
and/or columns. Important examples of this case occur
in data analysis problems [11], where random samples
have temporal and spatial correlations, and particularly
in wireless communication and information theory [5,6].
The purpose of this paper is to derive the eigenvalue
density of correlated complex Wishart matrices exactly.
This problem has previously solved (and applications dis-
cussed) in the limit of large matrices [11,6]. However,
there are many situations where one is explicitly inter-
ested in matrices of finite size (or even small size) [5—§]
which we address in the current paper. We note that if
either A or B is proportional to unity, simpler techniques
can be used [12].

We first define the problem more precisely. Let M be
an N by N’ complex matrix chosen from a normalized
distribution

P(M) = 7 MV N exp(—Tr {AMBM'}) (1)

with A and B positive definite square matrices which
define the correlations, and Tr indicates trace. Here,
N1 = det[A]Y det[B]N and the factors of &, are nor-
malization constants. An equivalent definition would be
to let M = A~'/2ZB~/2 where Z is a random complex
matrix with independent entries of zero mean and unit
covariance. Note that A is N by N and B is N’ by N'.
Without loss of generality, we can assume N > N’. For
any operator O(M) we define the expectation bracket
(O) to be an average over realizations of M so that
(O) = [dM - O(M)P(M). Note that the normalization
is such that (1) = 1.

Let A, be the N’ eigenvalues of MM or equivalently
the N’ nonzero eigenvalues of MM (we will also have

N — N’ eigenvalues of MM precisely zero). We define
the following quantities to calculate:

Go(2) = (TTN. (A — 2)") = (det(MIM — 2)")  (2)

H(2) = 8G,(2)/0v]—0 = (XN log(ha — 2))  (3)
C(\) = lime_o [H(A — i€) — H(A + i€)] /2mi (4)
= (XN 0 =M\ = [ d p(x) (5)

p(\) = dC(N) /A = (SN 5(h = M) (6)

where 6 is the step function, A is assumed real, and in go-
ing from Eq. 4 to 5 we have used lim,_,o Im log(—y+ie) =
m0(y) which is true for real y. The quantity we are most
interested in is the eigenvalue density p(A). From Egs.
2-6 it is clear that we can obtain p by calculating G, ().
We note that G, (—1) is the generating function for an
important information theory quantity [5]. We consider
a vector channel y = Mx + n with x an N dimensional
transmitted vector, y an N’ dimensional received vector,
and n being an N’ dimensional i.i.d. vector of gaussian
noise of unit magnitude. The mutual information of this
channel is given by Z = logdet(I + MMT). Then the
generating functional of this mutual information with re-
spect to fluctuations of M is given by G,(—1) = (e"%)
from which all moments of the mutual information can
be obtained by differentiation with respect to v at v = 0.
Below, we will show

GV(Z) = QV(Z)R,, det LU (7

Qu(2) ™" = An(a)An/(b)(—2)V' N =02, (8

o =I5 (v + ) (9
R, =TSN W v =MV o

where R, is defined to be unity for N > N — 1. In
Eq. 7, L;jj is an N by N matrix with elements L;; =
g(a;bj;v+ N, z) for j < N and L;; = affl for j > N’
where we have defined a; and b; to be the eigenvalues of
the matrices A and B. The function g is given by

g(z; 0, 2) = 2N (o, —2) (11)

=2 [T dAA = 2)* e (12)



with T' the incomplete gamma function [14], and we note
that for integer a > 0 we have the simple form
g(z,a,2) = N7 — D)0 (—za)™ /m! (13)

In Eq. 8 and throughout this paper we use the notation

H (xj —a;) = det[m;}l} (14)

1<i<j<V

Av<.’17) =

to represent a V-dimensional Vandermonde determinant.

From G, (z) we calculate C'(X) using Egs. 3 and 4. The
differentiation (Eq. 3) with respect to v brings down a
factor of log(A — z) in the argument of Eq. 12. This log
becomes a step function when the limit is taken in Eq.
4. We obtain

N
C(\) =N = Qo(MRo Y _ det KV (15)
n=1

where we also used G,—o(z) = 1. Here, we have defined
N by N matrices K (™ with KZ(Jn) = g(a;bj; N, X) forn # 1
and j < N’ and KZ(Jn) =al"! for j > N’ and n # i. For

the case of i = n we have Kflg) = e~ bAN — 1)! for

j < N'and KS;-) =0 for j > N'.
We then differentiate Eq. 15 (see Eq. 6) to obtain

N N
p(N) = Qo(MRo Y |det KIV + 3 det 7™ | (16)
n=1 m=1,m#n
where K™ and T("™ are N by N matrices with ele-
ments defined as follows: K" = Kl(jn ) for i # n and

)

;:(;? = [anb; + (N'(N" = 1)/2) /A K for j < N’ and
K =0 for j > N'. Also T = K[! for i # m with

(n
7]
Tv(:]’-m) = (N — Damb; g(amb;, N — 1,A) for j < N" and
Tr(r:;m) =0 for j > N'.

The above expressions are our main results. The re-
mainder of this paper comprises the proof of Egs. 7-11
from which all of our other results follow. We start by
focusing on the case of square matrices M (so N = N’).
We write

G,(2) = Nﬂ_Nz/dM e~ Tr{AMBM'} det(MM' — 2)”

we then define M = UmV where m is a diagonal ma-
trix of the singular values m; of M and U and V are
unitary matrices. We then separate the integral over M
into integrals over the eigenvalues \; = |m;|? of MM
and “angular” integrals over U and V. This approach,
common in random matrix theory [1], yields

N
Go(2) = CN / T[Ny - 2)” Av()2Das(N) (17)

where A = mm' is the diagonal matrix of eigenvalues
Ai and [dX = Hiil fooo d); and C is an N-dependent
numerical constant (which we will not keep track of ex-
plicitly but will fix at the end of the calculation). Here,
An())? is the Vandermonde determinant squared of the
Ai’s (which is the Jacobian of the transformation) and

DA,B()\)Z/ dU dVe—Tr{AUmVBVTmTUT}
U(N) JU(N)

where U and V are N by N unitary matrices which
are integrated with the usual Haar measure over U(N).
Note that we have written the integral Da g as a func-
tion of A = mm' (we will see this is indeed true).
Here CN'An(N)?Da () is precisely the joint probabil-
ity density of the A’s. As such, it is clear that this density
(and also D) must vanish exponentially if any of the \’s
is taken to infinity (this will be important below). In
particular, when A, B are identity matrices we can see
that Da B(A) ~ exp(—>_; Ai)-

To address these integrals over U(N), we use the char-
acter expansion method discussed in depth in Ref. [13].
This allows us to write

e~ Tr{AUmVBVm'UT} _ 3 a,x-(AUmVBVimiUY)

where o, are expansion coefficients (discussed below), the
sum is over representations r of GI(N), and x, is the
character of the group element in the proper representa-
tion. (Note that the representation theory of GI(N) is
identical to that of U(NN)). A character is just the trace
taken in the proper representation, so we have

Y (AUMVBV 'mt Ut =47, Upm? Vi B Vi Ul
with lower repeated indices summed (and superscripts r
tell us that the matrix is in representation r). We now
use the orthogonality property [13]

/dU U(:b CTJ = d;léacébd
U(N)

with d, the dimension of representation r (discussed be-
low). Combining the above three equations we obtain

Das(\) = X, ard;? X (A)xr (B)xr(A) (18)

As discussed in Ref. [13], each representation r is specified
by a set of increasing integers 0 < ky < kny_1... < k1,
so the sum written over r is actually a ordered sum over
the k’s (kj; = N +n; — j in the notation of Ref. [13]). In
Ref. [13] it it is also found that a, = s(k) det[1/(k; +1i —
N)Y| = s(k)An(k)/C(k) where C(k) = ], k;!. Here
s(k) = (=1)” with v = N(N —1)/2—3", k;j. In the same
work [13] it is also shown that «,./d, = s(k)Fn/C(k)
with Fy = H;V;ll j! from which we then obtain



s(k)FR /AN (k)C (k) (19)
The Weyl character formula tells us that [13]

k;

i'1/AN(x) (20)

with k; the integers describing the representation r, and
x; the eigenvalues of X. Plugging Eq. 20 into Eq. 18 we
obtain

AN(M\)?Das(A) = Ay

D, fosz

apd; 2 =

xr(X) = det[x

(N, @, det[N7]  (21)
X (A)x+(B) (22)

We next need a useful identity:

= det [ 2 HNA N-1
(—2)NN-1)/2 NN =2 n:1( n—2%)

To show this we note that since Ax(A) = [[,;(Ai — A;)
we can freely add a constant to each A; and not change

An(N)=

Gu(z) = (—2 N(N D/2 /d)‘H
CN
= veE 2 %---cw/dAH

C1,.-,CN

This now enables us to trivially integrate by parts with
respect to \; where we differentiate the quantity in the
curly brackets and integrate the quantity outside of the

CN
GV(Z) = m Z 661»--CN/dAH

Cl;-+,CN

We would now like to interchange the order of inte-
gration and summation such that all integrals are done
first. However, if we did this we would end up with di-
vergent integrals. To fix this problem, we insert a cutoff

GV(Z)_( /QZCD Zecl CNZ €dy.. dNH

di...dn

We can now do the sums over ¢’s and d’s to obtain

Go(2) = NI CN 2 NN-D72 52 0 det[PD] (25)
") _ piypi-t_kitp

Pij le Hp 1 v+ N — D (26)

Pz(lr) f(] d)\f ( _ Z)VJerl Aki (27)

The rather special form of the matrix expressed in Eq. 26
allows us to calculate the determinant straightforwardly

1/+N 1

Apn. Thus, we have Ay(A) = Ay (X — 2). Next we use
An(1,..,on) = An(=1/z1,..., =1 o) [T, oV
so that we can relate Ay () to AN(I/[z = A). "We then
use 1/(z—A)—1/z = A/[2(z— \)] and we again shift each
term in the Vandermonde determinant by —1/z. Finally
we separate out factors of —z and write the Vandermonde
determinant as on the far right of Eq. 14.

Using the above expression for Ay (A) and plugging
Eqg. 21 into Eq. 17 yields Eq. 23. In Eq. 24 we have
rewritten the determinants as sums over all permutations
by using the completely antisymmetric Levi-Cevita ten-
SOT €, . .cn Whichis 1if ¢1,...,cn is an even permutation
of [1,..., N],is —1if it is an odd permutation, and is oth-
erwise zero. As mentioned above, the quantity (AxD) in
the square brackets in Eq. 17 is exponentially convergent
to zero when any \; becomes large (Thus the quantity in
the curly brackets is also exponentially convergent). Fur-
ther, so long as ¢; — 1 # 0 (which implies ¢; — 1+ k4, # 0)
the quantity in curly brackets goes to zero at the lower
boundary A; = 0.

)N 12@ det[A%] det [(Aﬁizy_l} (23)

1/+N ci {

N N
Zq)r Z €dy..dy H)\fdiln)\fi_l} (24)
i=1 i=1

T dl‘..dN

curly brackets and we do not obtain any boundary terms.
We choose to do this integration exactly ¢; — 1 times to
obtain

c,—l Z (I)

function such as f(\) = exp[—dA] and at the end of the
calculation we will take § to zero. (The precise form of
the cutoff function will not matter). This allows us to
reorder and write

N kdi c;—1 kdi‘f‘p
Z 6d1...dNi1;[1)\i I];[l V+N—p

NN

Cﬁl ka, +p
e v+N-—p

v [/ A () (N — 2) NI
0

yielding det[Pi(f)] = An(k)J, 1 Hfi1 Pi(lr). Thus we have

F3 detfa] det[b? ] T, SR P

(=DNN=D2AN (a)An (),

, det[P])] =

where we have used Eq. 9, 19, 20, and 22 and the defini-
tions of C'(k) and s(k). Plugging this result into Eq.
25 we now need only do the sum over r. This sum,
as explained above, is actually a sum over 0 < ky <

kn_1...< k1. Thus we have



det[a;] det[b’] [TZ w(ki)  (28)

Gu(2)=5 Y

0<kn...<ky
. (71)]6 ee} v+N—-1\k
wk) = = f~ D) (A= 2) A (29)

with § = NCQ, (z) and we have absorbed the numerical
constants Fly into C. We can now address the sum in Eq.
28 using the Cauchy-Binet Theorem (see Appendix) to
obtain G,(z) = Sdet[W(a;b;)] with the function W (x)
defined by

W(Z') - kaw(k) — fooo d\ f()\) ()\ o Z)VJerlefa:)\
k=0

We can now remove the convergence function f (let-
ting & — 0 as discussed above) to obtain (See Eq. 12)
W(x) — g(z,v+ N, z)z=N. The factors of 2~ precisely
cancel the prefactor AV and we recover the desired result
Eq. 7for N = N’ (where R, = 1) up to the N-dependent
normalization prefactor C which we have not kept track
of. To show that the normalization of Eq. 7 (i.e., C = 1)
is indeed correct we need only verify Go(z) = 1. To do

N+v-—1
+

this (using Eq. 13) we need to establish
N—1

(—zazbj)™ -
det [(N =11 T'J =Q(z,0)7?

=0

which is easy to show using the Cauchy-Binet theorem
(In Eq. 31, use w(k) = (=2)¥(N — 1)!/k! for kK < N — 1
and w(k) = 0 otherwise, so the determinants on the left
hand side of Eq. 31 are precisely A(a) and A(b)) which
completes the proof for the case of N = N’.

Using the results we have derived for square matrices
we can now easily derive results for rectangular matri-
ces (N > N’). Given an N’ dimensional matrix B with
eigenvalues by, ..., by, we consider an auxiliary N dimen-
sional matrix B with the N’ eigenvalues by, ...,byx/ plus
N — N’ eigenvalues bysy1,...,by. We then take a limit
where by 41, ..., by all go to infinity. By viewing the ma-
trix M as being A~1/2Z B~1/2 it is clear that taking this
limit drives N — N’ columns of M to zero and we obtain
effectively an N by N’ dimensional problem (with N —N’
additional zero eigenvalues). To take these limits we will
use the expansion (Ref. [14] Eq. 8.357)

(N+v—-1)(N+v-2)

lim g(z, N +v,2) =V (—z)N 1 [1

As by — oo we use the first term of this expansion and
replace the j = N row of the matrix L;; in Eq. 7 with
(a;ibn )N~ (—2)N+¥~1 In the denominator (Q,) we have
An(b) — (by)N"1An_1(b) so the factors of by cancel
to give a finite ratio. We next let by_1 — oo. In taking
this limit the first term in the expansion Eq. 30 would
result in the j = N — 1 row of L;; being exactly pro-
portional to the j = N row and thus we would obtain
det L;; = 0. Thus, the leading divergence as by_1 — 00
is actually from the second term of the expansion 30.
We can then replace the j = N — 1 row of L;; with
(N +v —1)(aiby_1)N"2(—2)N*+¥=2. Again the diverg-
ing powers of by_1 here are cancelled by powers in the
denominator (@Q,) since Ax_2(b) = (bxy_1)N2An_1(b).
This procedure can be continued until we have let all
by'41...by — o00. We cancel all of the diverging
terms then factor out the numerical prefactors (such as
N +v —1) to give R,, and factor out common factors
of —z to obtain the general result quoted above in Eq.
7-11 times (—z)*N=N') which is due to the fact that, as
mentioned above, our auxiliary problem has N — N’ zero
eigenvalues. In this way we complete our more general
proof.

Appendix: Cauchy-Binet Theorem [13]. Given N-
dimensional vectors a; and b;, and a function W(z) =
Yoo pw(i)z" convergent for |z| < p then if |a;b;| < p for
all 7, j we have (where the determinants are all taken with
respect to the indices ¢ and j):

(—22)

(—zx)? (30)

> det[al] det[b;? ) T w(ks) = det[W (a;b;)] (31)
0<kn...<k1
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